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Preface

The main theme of these notes is the study, from the standpoint of s-numbers, of
operators of Hardy type and related Sobolev embeddings. More precisely, let p,g €
(1,00) and suppose that [ is the interval (a,b), where —eo < a < b < eo. Maps T :
L,(I) — Ly(I) of the form

X

(THE) =v(x) [ (s, M)

a

where u and v are prescribed functions satisfying some integrability conditions, are
said to be of Hardy type. They are of importance in connection with ‘small ball’
problems in probability theory [87] and also in the theory of embeddings of Sobolev
spaces when the underlying subset 2 of R" is a generalised ridged domain, which
means crudely that Q has a central axis (the generalised ridge) that is the image
of a tree under a Lipschitz map [42]. In addition, the literature on such maps T
has grown to such an extent that the topic has acquired an independent life. Our
object is, so far as we are able, to give an account of the present state of know-
ledge in this area in the hope that it will stimulate further work. In addition to the
main theme, topics that arise naturally include the geometry of Banach spaces, gen-
eralised trigonometric functions and the p-Laplacian, and we have not hesitated to
develop these subsidiary melodies beyond the strict requirements of Hardy opera-
tors when the intrinsic interest warranted it. We hope that the resulting contrapuntal
effect will appeal to the reader.

Chapter 1 supplies basic information about bases of Banach spaces and such
geometric concepts as strict and uniform convexity, uniform smoothness and super-
reflexivity. It also gives an account of very recent work (see [44]) on the represen-
tation of compact linear operators S : X — Y, where X and Y are reflexive Banach
spaces with strictly convex duals. What emerges is the existence of a sequence (x;,)
in the unit sphere of X and a sequence (4,) of positive numbers in terms of which
the action of S can be described and points x € X represented, under suitable con-
ditions; the A, are norms of the restrictions of S to certain subspaces. These results
provide an analogue in Banach spaces of the celebrated Hilbert space results of
Erhard Schmidt. As a byproduct we have (in Chap. 3) a proof of the existence of an
infinite sequence of ‘eigenvectors’ of the Dirichlet problem for the p-Laplacian in
an arbitrary bounded domain in R".
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The next chapter gives an account of generalised trigonometric functions. To
explain what is involved here, let p € (1,), put

21

= psin(n/p)

and let F, : [0,1] — R be given by

Fy(x) :/Ox(lft”)_l/pdt.

Then the generalised sine function sin,, is the function defined on [0, 7, /2] to be
the inverse of F), and extended to the whole of R in a natural way so as to be
2m,-periodic. Plainly sin, = sin. Moreover, p-analogues of the other trigonomet-
ric functions may easily be given: for example, cos, is defined to be the derivative
of sin,, from which it follows quickly that

|sinpx|p+ |cospx|1J =1forallx e R.

After establishing the main properties of these p-functions and some of the identities
obtainable by their use, such as a new representation of the Catalan constant, the
chapter finishes with a proof of the fact (first given in [9]) that if p is not too close
to 1, then the functions sin,(nm,t) form a basis in L,(0,1) for all g € (1,e0). The
usefulness of such p-functions is underlined in Chap. 3, where it is shown how sin,,
and cos,, arise naturally in the study of initial- and boundary-value problems for the
one-dimensional p-Laplacian on an interval.

Chapter 4 provides necessary and sufficient conditions for the boundedness and
compactness of the Hardy operator T of (1) acting between Lebesgue spaces. The
norm of Tp, the particular form of 7 when u = v = 1, is determined explicitly and is
shown to be attained at functions expressible in terms of generalised trigonometric
functions. After this preparation, Chap. 5 is devoted to the s-numbers of T, together
with the calculation of s-numbers of the basic Sobolev embedding on intervals. We
remind the reader that in the theory of s-numbers, to every bounded linear map
S:X — Y, where X and Y are Banach spaces, is attached a non-increasing sequence
(52(S)),eny Of non-negative numbers with a view to classifying operators according
to the behaviour of s,(S) as n — oo. The approximation numbers are particularly
important examples: the nth approximation number of S is defined to be

ay(S) = inf||S—F||,

where the infimum is taken over all linear maps F : X — Y with rank less than n.
These are special cases of the so-called “strict” s-numbers, further examples of
which are provided by the Bernstein, Gelfand, Kolmogorov and Mityagin numbers.
As might be expected, the results obtained regarding 7y are especially sharp when
p = q. In fact, it then turns out that all the strict s-numbers of Ty coincide, the nth
such number s, (7) being given by the formula
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(b—a)y,

1 '
TI/Z’ where 7, = %Pl/p (P/)l/p sin(r/p).

Sn (TO) =

Chapter 6 deals with the general case of the operator T given by (1), in which

u and v are merely required to satisfy certain integrability conditions. The precision

of the results for T is not obtainable for 7 : L,(I) — L,(I), but it emerges that if

1 < p < o=, then again all the strict s-numbers of T coincide, and that this time the
asymptotic formula

lim ns, (T )/,,/ lu(f)v(t)|dt
Nn—oo

holds, where s, (T) denote the common value of the nth strict s-number of 7. The
cases p = 1 and oo present particular difficulties, but even then upper and lower
estimates for the approximation numbers of T are obtained. The next chapter devel-
ops the theme of Chap.6: it includes the derivation of more precise asymptotic
information about the strict s-numbers of 7', given additional restrictions on « and v.

So far, knowledge of the behaviour of the s-numbers of 7 has been obtained
only for the case in which T acts from L,(I) to itself. When T is viewed as a
map from L,(I) to L,(I) and p # q, special problems arise and new techniques
are required. Chapter 8 deals with this situation and obtains results by consideration
of the variational problem of determining

sup |lgll,
g€T(B)

where B is the closed unit ball in L,(/). When 1 < g < p < oo, the asymp-
totic behaviour of the approximation numbers and the Kolmogorov numbers is

established: thus
1/r
lim na,(T) = C(p,q) (/ lu(t)v(t)]” dt> )
n—soo

where C(p,q) is an explicitly known function of p and ¢, and r = 1/q+1/p'.
Moreover, when 1 < p < g < oo, a corresponding formula is shown to hold for
the Bernstein numbers of 7. In both cases connections are made between the
s-numbers of T and ‘eigenvalues’ of the variational problem mentioned above. We
stress the key rdle played in the arguments presented in Chaps.5-8 by the gener-
alised trigonometric functions; Chap. 8 also uses more topological ideas, such as
the Borsuk antipodal theorem.

The final chapter extends the discussion of the Hardy operator to the situation in
which it acts on spaces with variable exponent, the L., spaces. Here p is a given
function with values in (1,e0) : if p is a constant function the space coincides with the
usual L, space. Such spaces have attracted a good deal of interest lately because they
occur naturally in various physical contexts and in variational problems involving
integrands with non-standard growth properties.
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Basic Notation

N : Set of all natural numbers
Ny =NuU{0}
Z : Set of all integers
R : Set of all real numbers
R : Set of all non-negative real numbers
R" : n-dimensional Euclidean space
If Q C R”, then Q is the closure of Q, f) is the interior of 2, 2 is the boundary
of Q
F ~ G : G is bounded above and below by positive multiples of F independent of
any variables occurring in F,G

xi






Chapter 1
Basic Material

Here we remind the reader of some classical definitions and theorems that will be
useful later on. Only some proofs of these results are given, but references are pro-
vided to works in which detailed expositions of such matters can be found. We also
give an account of the more recent theory, developed in [44], of representations of
compact linear operators acting between Banach spaces. Applications of this theory
will be given in the following chapters.

As a matter of notation throughout the book, the norm on a Banach space X will
usually be denoted by ||- | X|| or, ||-||x , depending on the size of the expression X;
if no ambiguity is likely we shall simply write ||-; and [|-[|, will often be used to
denote the norm on an L, space.

1.1 Bases and Trigonometric Functions

Let X be a Banach space with norm ||-||. A sequence (x,),en of elements of X
is called a (Schauder) basis of X if, given any x € X, there is a unique sequence
(@n)nen of scalars such that

N
X — ApXy
n

x= E a,x,; thatis, Al/im
—s00
=1

n=1

=0. (1.1)

Given a basis (x,),eny of X and N € N, we define a map Py : X — X by
N o
Py(x) = Zanxn, X = Za,,anX. (1.2)
n=1 n=1

It is clear that Py is linear and that PZ%, = Py; Py is a (partial sum) projection.
With more effort (see [122], p. 37), it can be shown that Py is also bounded and
supy ||Py|| < eo. Moreover, dim Py(X) = N and PyPy = Prin{p,n} -

If X is a Hilbert space, a basis (x,),en of X is called a Riesz basis if the map
(an) — (T anxy) is an isomorphism of /; onto X. This means that there are

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 1
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_1,
(© Springer-Verlag Berlin Heidelberg 2011



2 1 Basic Material

positive constants ¢, C such that for all (a,) € I,

2
cZ|an|2§ §C2|an|2.
n=1 n=1

oo
2 AnXn
n=1

It is plain that any complete orthonormal system in a separable Hilbert space is a
Riesz basis. Examples of such systems are the sequence of trigonometric functions
(€"™),cq in Lr(—1,1) and the sequence of standard unit vectors in /.

Outside the world of Hilbert spaces with its strong geometrical flavour provided
by the notion of orthogonality, more effort is often needed to produce examples of
bases. For example, when 1 < p < o a basis of L,(—1,1) is given by (€"™),cz.
This follows from a result due to M. Riesz, namely that (see [56], Chap. 12, Sect. 10,
p. 106)

lim

N—o0

f_ Z fneinﬂ.'x

In|<N

=0, (1.3)

p

for all f € L,(—1,1), where f, = %filf(x)e’i””xdx and |||, is the usual norm
on L,(—1,1); when p =1, (1.3) is false. Given any f € L,(0,1), its odd extension
to L,(—1,1) has a unique representation in terms of the sinnmx, which means that
(sinnmx)uen is a basis of L,(0,1) when 1 < p < oo; a similar argument applies to
(cosnmx), Ny By way of contrast to this non-obvious result, it is trivial that a basis
in the sequence space [, (1 < p < o) is given by the standard unit vectors.

Let (xn)nen be a basis in a Banach space X, let x = Y, a,x, € X and for each
n € N define a functional x}, by (x,x}) = a,, where (-,-) denotes the duality pairing
between X and its dual X*. Then x;, € X* and

Penlly I lle- < 2sup [P (1.4)

The x; are called biorthogonal functionals and are uniquely determined by the con-
ditions (X, x}) = O,. This leads us to the notion of an unconditional basis, by
which is meant a basis (x,),cn such that for every x € X the series Yo | (x,x}) x,
converges unconditionally; that is, 3, <x,x’(;(n)>x6(n> converges whenever o is a
permutation of the natural numbers. Clearly every Riesz basis is an unconditional
basis. It is obvious that the standard unit vectors in /,, (1 < p < e) form an uncondi-
tional basis. However, the trigonometric system (e"™), .7 is an unconditional basis
of L,(—1,1) only when p =2, although L,(—1,1) does have an unconditional basis
if 1 < p < oo and fails to have one if p = 1. For these results we refer to [122], IID.
Note also that if (x,),cn is a basis of a reflexive space X, then the corresponding
biorthogonal functionals x}; form a basis of X* (see [33], Chap. IV, Sect. 3, Lemma 1
and Theorem 3); if in addition ||x,|| = 1 for all n € N, then from (1.4) we see that

(D nen € beo-
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1.2 Strict and Uniform Convexity

Let X be a Banach space with dual X*; the value of x* € X* at x € X is denoted by
(x,x*)x or (x,x*). We recall that X is said to be strictly convex if whenever x,y € X
are such that x # y and ||x|| = ||yl = 1, and A € (0, 1), then |[Ax+ (1 —A)y| < 1.
This simply means that the unit sphere in X does not contain any line segment. Note
that an equivalent condition on X is that no sphere of any radius and any centre
contains a line segment. For example, if R? is equipped with the / p normit is strictly
convex if 1 < p < eobutnotif p =1 or co.

Proposition 1.1. The space X is strictly convex if and only if it is the case that
whenever x,y € X are such that ||x+y|| = ||x|| + ||y|| then either y =0 or x = Ay for
some A > 0.

Proof. Suppose that X is strictly convex and x,y € X\{0} are such that x # y and
lx+ [l = [lx]| + lly|l - Then |lx|| # [[y||, for otherwise ||*32|| = ||x||, contradicting
the strict convexity of X. However, if ||y|| < ||x||, we put A = ||y|| / ||x|| and observe
that

> Hij%(i_i)H o eyl = A _ el Iyl = A _
[l Il [l [l
which means that x = y/A. The converse is obvious. O

It is plain that every linear subspace of a strictly convex space is itself strictly
convex, with the inherited norm. Here are some of the less trivial properties of such
spaces.

Proposition 1.2. Let X be a Banach space with dual X*. Then X is strictly convex
if and only if given any x* € X*\{0}, there is at most one x € X such that ||x|| = 1
and (x,x*) = ||x*||; if X is reflexive, such an x exists.

Proof. Let X be strictly convex and x* € X*\{0}. Suppose there are two distinct
such points x, say x; and x;. Thenif 0 < A < 1,

] = A (g, x) + (1= 4) (ra,x™) = (Axg + (1= A)xa,x")
< EIHIAx+ (1= )| < [l

which is absurd. Conversely, suppose that |x+ A(y —x)|| = 1 for some x,y € X
with ||x|| = ||y]| = 1 and some A € (0,1). By the Hahn-Banach theorem, there
exists x* € X* such that (x+ A(y —x),x*) = 1 and ||x*|| = 1. Then (1 —A) {(x,x*) +
A (y,x*) =1, and since |{x,x*)|, [{y,x*)| < 1 we must have (x,x*) = (y,x*) = 1. By
hypothesis, this implies that x =y, and so X is strictly convex.

Now suppose that X is reflexive and let (x) be a sequence in X such that ||x;|| =1
forall k € N and ||x*|| = limg_,. (x¢,x*) . Since X is reflexive, there is a weakly con-
vergent subsequence of (x;), still denoted by (x;) for simplicity, with weak limit x,
say. Then ||x|| < 1 and (x,x*) = limj_.c. (x,x*) = ||x*]| . O
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Proposition 1.3. Let X be a Banach space. Then X* is strictly convex if and only if
given any x € X\{0}, there is a unique x* € X* such that ||x*|| = 1 and (x,x*) = ||x]|.

Proof. Suppose that X* is strictly convex. By the Hahn—-Banach theorem, there
exists x* € X* with ||x*|| = 1 and (x,x*) = ||x||. Suppose there exists y* € X*,
y* #x*, with [|y*|| = 1 and (x,y*) = ||x||. Thenif 0 <A < 1,

el = 2 Gea™) + (1= 2) G, y") < JIAx" + (1= A)y" || lxell < ],

and we have a contradiction. The proof of the converse is similar to that of the
corresponding statement in Proposition 1.2. a

Proposition 1.4. Let K be a convex subset of a strictly convex Banach space X.
Then there is at most one element x € K such that

[lx]| = inf{[|y] : y € K}

If, in addition, X is reflexive and K is closed and non-empty, then such a point x
exists.

Proof. Suppose there exist x,y € K with ||x|| = ||ly|| = inf{]|z]| : 2€ K}, x#y. Let 0 <
A <1:thenAx+(1—A)y€eK, ||Ax+ (1 —A)y|| < ||x|| and we have a contradiction.

For the second assertion, let (x;) be a sequence in K such that limy_.., ||x|| =
1 :=1inf{||y|| : y € K}. By reflexivity, this sequence has a subsequence, still denoted
by (x;) for convenience, such that x; — x for some x € X, by which we mean that
(xx) converges weakly to x in X; in fact, x € K since K is convex and closed, and
hence weakly closed. Moreover, ||x|| < limy_.. ||x|| = 1. O

To measure the degree of strict convexity of a Banach space X, we define its
modulus of convexity dx : [0,2] — [0,1] by

. 1
dule) =inf {13 ol xy X, < LIl < Lyl 2 e 09

This function is introduced so that, given any two distinct points x and y in the closed
unit ball B in X, we shall have an idea of how far inside B is the midpoint of the
line segment joining x to y. Note that the same function is obtained if the infimum is
taken over all x,y € X with ||x|| = ||y]| = 1 and ||x — y|| = € : see [88], Vol. II, p. 60.
The Banach space X is called uniformly convex if for all € € (0,2], 6x(¢) > 0. This
means that X is uniformly convex if, given any € € (0,2], ||x+y| < 2(1— dx(¢g))
whenever x,y € X are such that ||x|| = ||y|| = 1 and ||x — y|| > €. It is easy to see that
an equivalent condition is that whenever (x;) and (y;) are sequences in X such that
[l < 1 llyell < 1 (k € N) and limy | + yi|| = 2, then limyco [|x — yi|| = 0.
Note that Oy is increasing on [0,2], continuous on [0,2) (not necessarily at 2) and
0x(0) = 0. Moreover, 8x(2) = 1 if and only if X is strictly convex.

Plainly every closed linear subspace of a uniformly convex space is uniformly
convex when given the inherited norm. Moreover, it is clear that every uniformly
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convex space is strictly convex: as we shall see later, the converse is false. However,
in finite-dimensional spaces strict convexity does imply uniform convexity, for then
the fact that 1 — § |lx+y|| > 0 whenever ||x|| = ||y|| = I and ||x — y|| = & > 0 implies
that dx (&) > 0 since closed bounded sets are compact in finite-dimensional spaces.
The simplest example of a uniformly convex space is any Hilbert space H, for the
parallelogram law enables us to see that

Sue) =1 (1—/4)'2,
which is clearly positive for all € € (0,2]; in fact, since
(1—x)1<1-x1/qg (0<x<1,1<q<oo),
we have

Su(e) > €2/8.

Note that in the opposite direction, for every Banach space X of dimension at least 2,
it is known that

Sx(e) < 8ule) =1—(1—g%/4)'/2 < Ce?;

see [88], Vol. II, p. 63. In this sense, Hilbert spaces are the ‘most’ uniformly convex
spaces.

If 1 < p < o, the sequence space [, and the Lebesgue space L, (over any set and
with any measure) are uniformly convex. This was established by Clarkson [25],
who introduced the notion of uniform convexity and proved the following inequal-
ities (now known as the Clarkson inequalities) that hold for arbitrary elements

f7g€LP:

’ N 1/p f Py AN .
(Ir+0)720 1 -2218) s(%) it1<p<2 (16)

and

1/ RPN
(I -+0)/20+ 1~ 2)/21) é(M) it2<p < (1)

Here [|||, denotes the norm on L. In the cases 2 < p <eoand 1 < p <2 the
inequalities in (1.6) and (1.7) respectively hold in the reversed sense. He used these
to obtain lower bounds for §, := 5Lp of the form

op(e) > (e/C)", (1.8)
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where r = p' if 1 < p<2,r=pif 2 < p < o, and C is a positive constant that
depends on p. These lower bounds are not optimal when 1 < p < 2; however, from
them the uniform convexity of L, when 1 < p < o follows immediately.

Estimates from below of the modulus of convexity of a Banach space of the form
(1.8) are very useful, particularly if the best value of r is known, and so we present
below results leading to the optimal value of r for L,, following the approach of
Ball et al. [3]. We begin with a technical lemma.

Lemma 1.1. Let 1 < p < oo and define A, : [0,00) — [0,00) by
Ap(t) = (1 +0)P T |1 =17 sgn (1—1).
Then for all x,y € R,
e 317+ e =317 = sup{ A (1) [x|” + Ap(1/) [y]” : 0 <1 < oo}
if 1 <p<2;if2 < p < oo, the same holds with sup replaced by inf.

Proof. Suppose that 1 < p <2. By homogeneity and symmetry it is enough to deal
with the case 0 <y <x=1. Put

F@)=Ap(1) +2A,(1/)yP, 0 <t < oo,

and note that f(y) = (1+y)?+ (1 —y)P. Moreover, if ¢ # y, a routine calculation
shows that

£ = =00 = o/m{a+072 =1 =72}

Thus /(1) > 0if0 <z <y, f/(t) <0if y <t < . It follows that the maximum value
of f on (0,e) occurs when ¢ =y, and the desired inequality follows. The proof when
2 < p < oo is similar. a

In [3] it is shown that Clarkson’s inequalities may be obtained from this result,
which also gives rise to the following theorem, due originally to Hanner [71] and
from which the modulus of convexity , can be estimated.

Theorem 1.1. Suppose that 1 < p <2 and let f,g € L. Then

p p
£+ gl -+ 15 =gl = (11, + lgll,) -+ (171, = Nl |

If 2 < p < oo the inequality is reversed.

Proof. Suppose that 1 < p <2. Then by Lemma 1.1,
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I +sllp+ 1 =gl = [{Ur+sb +1/ =gt}
= [ s {20177+ 2p(1/1)[gl"}

0<t<oo

> sup [ plo) 17+ 2,1 /1) g1}

0<t<eo

sup {2, (1) [IF11” +Ap(1/1) [1g]” }

0<t<oo

= (£, +Ngll, )"+ e, = el |
( )

the final step following from another application of Lemma 1.1. The case 2 < p < oo
is similar. ad

Finally we give a theorem of Ball and Pisier (see [3]).

Theorem 1.2. Suppose that1 < p <2 and let f,g € L,. Then

2 2 2 2
1F+ 8l +1f =gl = 21171, +2(p = 1) ligll}, -

If 2 < p < oo the inequality is reversed.

Proof. Suppose that 1 < p < 2. We use the inequality
la+b|P +|a—b|P >2{a*+ (p— 1)b*}"/* (a,b € R) (1.9)

which is ascribed to Gross in [3]. Accepting this for the moment, note that by
Holder’s inequality,

- p/2
I+ gl I gl <2272 (4 gl + - sl2)”

from which we have, by Theorem 1.1,

2 2\P/2? p
(0 -+ 82+ = 8l2)™" 22722 { (171, + i, )"+ |, ~ el | }
5 2 P/2
=22 {lIf2+ (- Dlgl2}
the final inequality following from (1.9). This gives the theorem when 1 < p <2;
similar arguments work when 2 < p < o,

To prove (1.9) it is enough to show that

h(t) = (14+16)P+(1—1)P —=2{1+ (p— 1)}}P2>0,0<r < 1. (1.10)
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Note thatif 0 <7 < 1,

(1+t)p+(1_t)p:2+P(P—1)t2+2p(p—l)i (3_P)..<.§i;l'—1—P)t2n
n=2 :

and

{1+([7 )2}P/2_1+2(p 1 +2p 2 p) (2n_2_p)(p_l)nth(_l)n+1,

n!2”n
so that
< (3—p)..2n—=1-p),
h(t)=2p(p—1) "+,
112::2 (2n)!
where
p(2 (4m—2—p) 2 1)2mbm.
=2 Z 2m+] |22m+l {2 4m p 71 }

Since 2(2m 4 1) — (4m — p)(p — 1)t > 0 when 0 < ¢ < 1, h(t) > 0 and (1.10)
follows. 0

Now these results are applied to give optimal estimates for §,, the modulus of
convexity of L,. First suppose that 1 < p <2. Then from Theorem 1.2 withu = f+g
and v = f — g we see that
u+v 2

2

u—v

2

2 2
[l + IVl = 2 +2( -1

)

p

from which we have

Sp(e) 21— (1= (p—1)(e/2)'/* = (p—1)€*/8.

In the terminology of [110], according to which given any r € [2,e0) a Banach
space X is said to be r-uniformly convex if 8y (&) > (&/C)" for some positive con-
stant C, this means that L, is 2-uniformly convex. When 2 < p < oo, direct use
of Theorem 1.1 shows that §,(g) > 1 — (1 — (g/2)")!/? > 1— (1 —(¢/2)?/p) =
(e/2)?/p, so that L, is p-uniformly convex. The asymptotic behaviour of §, for
1 < p < eois stated in [88], Vol. II, p. 63; see also [107], p. 237.

To provide other interesting examples of uniformly convex spaces it is convenient
to introduce certain spaces of [, type. Let I C N be non-empty, and for each i € I let
A; be a Banach space; put A = {A4;:i €} and let | < p < oo. Define

1/p
(a) = { a= (@)ier i € A la | ()] = (Zuaminp) <o

iel
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This is a linear space when given the natural definitions of addition and multiplica-
tion by scalars; it is routine to verify that it becomes a Banach space when endowed
with the norm ||- | 1,(A)|| . The following result is due to Day [30].

Theorem 1.3. The space 1,(A) is strictly convex if and only if each A; is strictly con-
vex; it is uniformly convex if and only if every A; is uniformly convex with modulus
of convexity &; and 6(¢€) := infic; §;(€) > 0 for all € € (0,2).

Proof. First suppose that every A; is strictly convex, and let a,b € [,(A)\ {0} be such
that ||a+b [ 1,(A)| = ||a| 1,(A)|| + || | 1,(A)|| - Then

1/p 1/p 1/p
<2|ai+bi |Ai||p> = (2”%’ Ai”p> + <2”bi |Ai|p> ,
i€l i€l iel

and so, by a natural adaptation of the classical method of dealing with the case
of equality in Minkowski’s inequality, we see that a = Ab for some A > 0. By
Proposition 1.1 it follows that /,(A) is strictly convex. That strict convexity of /,(A)
implies that of each A; is obvious.

Now assume that each A; is uniformly convex and has modulus of convex-
ity &, with 0(¢g) := infie; 8;(e) > 0 for all € € (0,2). Let € > 0, € small, and
suppose initially that a,b € I,(A) are such that ||a|l,(A)|| = ||b [ ,(A)|| =1,
la—b]1,(A H>£and||a, | A; \|—||b | Ai|| = Bi foralli € I; put ||a; — b; | A; ||—y,,
and note that ¥ < 2B;. Then ||a; + b; | Ai|| <2(1—6(y;/B;i))Bi forall i € I, and so

1/p
Ja+b] )] < 2{2«1 —5(%/@»@)1’} .

iel

LetE={icl:vy/B;i>¢e/4} and F =I\E. Then

1/p 1/p 1/p
() "= (5) " (30)”

1/p 1/p
(2)/;") :<2yg”—2x"> > (7 —(e/4))"/P > 3¢ /4,

ick icl icl

1/p
o= <Z[3,”> > 3¢/8.

Hence

so that

ick
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It follows that

1/p
las b1 )] < z{u —5<s/4>>f’zﬁf+zﬁf}

icE icF
<2{(1-5(e/4)Po” +1—ar}!/?
<2{1= (1= (1-8(e/4)Nor}”
<2{1 - (1= (1-8(e/4))")(3e/8)" 1/ =2(1 - &(e)). say,
which is an inequality of the required form.
Next suppose that ||a | 1,(A)|| = ||6 | 1,(A)|| = 1 and that

lla+b]1,(A)|| >2(1-8 (n)), where §,, is the modulus of convexity of /,(A) and
n € (0, 2] Then

1/p
2(1-8,m) < (3 (o A+l Al ) <2
icl

and since the sequences (||a; | A;||) and (||b; | A;||) are in /,, we see that

1/p
(St ad= 114017 ) <n.
icl
Let ¢ = (c;) = (bil|a; | Ail| / |bi | Adl]) , so that ||c; | Ai|| = ||ai | Al for all i € I and
1

P
|b—c|ip,(A)| = (Z|b,~ | Al — |la; |A[||”) < 7. Thus by the earlier part of

asel )] < e/2i o (4)] > 201 - de/2): moe
Q| = Ha+ A = lc=b]1,A )H>2(1—6(n)—n/2).

Choose 7 € (0, 8/2) so that 6,(n )+n/2 < 8(€/2). Then Ha—i—b | 1(A)|| >2(1-
8,(n)) implies that ||a+c|[,(A)| > 2(1 — 80(€/2)), which in turn 1mplies that
Ha—c|l (A)|| <e/2. ThusHa b 1y( H <|la—clly(A |]+||b—c|1 )| <e.
Set 8,(€) = 8,(n) > 0: then |la—b|1,(A)|| < € if |a|,(A)|| = [|o | ,(4)]| = 1
and ||a+b|1,(A)|| > 2(1 - 8,(¢)). This establishes the uniform convexity of I, (A).
Finally, suppose that /,(A) is uniformly convex. Consideration of the points a =
(8ij) € A, where §;; is the Kronecker delta, shows that each A; is uniformly convex.
O

If each A; = L,,, then since by our earlier results the modulus of convexity of L,
satisfies

pi—1 . S
o, (€) = ('T>£2 if 1 <p; <2, and &, (€) > (¢/2)/piif 2 < p; <o,

it follows that /,(A) is uniformly convex if and only if the sequence { p;} is bounded
away from 1 and oo.
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As a further immediate application of this result we deal with Sobolev spaces.
Let Q be an open subset of R”, let p € (1,0) and suppose that k € N. The Sobolev
space Wllj (Q) is the linear space of all (equivalence classes of) functions u € D%u
such that for all o = (aj) € Njj with |o] := oy + ... + 0y, < k, the distributional

9!y

derivative D%u = o belongs to L,(£2). Endowed with the norm
1/p
u | WE(@)|| = ( 3 (D% Ly )y|">
|or|<k

it becomes a Banach space, which is isometrically isomorphic to a closed linear
subspace V of the product of N := #{a € Njj : |a| < k} copies of L,(£2), the iso-
morphism being established by the map u — (D%u)q|<x- With I = {1,2,...,N}
andA; =L,(Q) forall j €I, it is plain that this product is just /,(A), and in view of
Theorem 1.3, [,(A) is uniformly convex. Thus V is uniformly convex, and therefore
so is W,’f (€2). We have thus proved

Corollary 1.1. For all p € (1,) and all k € N, the Sobolev space W,’,‘(.Q) is
uniformly convex.

Remark 1.1. (i) In [29] and [30] the spaces [,(A) are used to show that strict
convexity does not imply uniform convexity, and indeed that there are sepa-
rable, reflexive, strictly convex Banach spaces that are not isomorphic to any
uniformly convex space. When A = {l,,; : j € N}, [,,(A) is isomorphic to a uni-
formly convex space if and only if the sequence (p;) is bounded away from
1 and oo. A result more general than Theorem 1.3 is given in [31], the idea
being to replace the [, structure of the space /,(A) by means of a more general
norm.

(i) In [30] an analogue of Theorem 1.3 is given for spaces of Lebesgue type. Let
1 < p < oo, let X be a Banach space, let £2 be an open subset of R" and denote
by L,(X) the space of all functions f :  — X such that

1/p
I 12,00]= ([ b 1x1Pa) <o

Then [30] shows that L,(X), endowed with the norm H | Ly(X) H , is uniformly
convex if and only if X is uniformly convex. The same holds with any measure
space instead of €2 and Lebesgue measure. An application of this result will be
made in Chap. 3.

We now give some useful properties of uniformly convex spaces.

Proposition 1.5. Ler X be uniformly convex and let (x;) be a sequence in X that
converges weakly to x € X, with ||x|| — ||x|| . Then ||x; —x|| — 0.

Proof. As the result is trivial if x = 0 we assume that x # 0; we may plainly also
assume that for all k € N, x; #£ 0. Put § = 1 — ||x|| /||x«||; & — O as k — 0. Set
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i = xi/ x|, y = x/ || x|| and note that y, = (1 — &)xx/ ||x|| converges weakly to y.
Moreover, ||yk|| = |ly]| = 1. By the Hahn—Banach theorem, there exists y* € X* such
that (y,y*)x =1 = [y"||. Hence

22>y +yl = Gk +2")x = 20, )x =2,

so that limy_,« ||yx + y|| = 2. Since X is uniformly convex, limy_... ||y —y|| =0, and
as xp —x = ||x||ve — |Ix|| y, it follows easily that ||x; —x|| — 0. O

Theorem 1.4. Every uniformly convex space is reflexive.

Proof. This classical result is due to D.P. Milman [98]; here we give the short
proof contained in [88], Vol. II, Prop. 1.e.3. Suppose that X is uniformly convex, let
J : X — X** be the canonical map, let B, B** be the closed unit balls in X, X** respec-
tively and denote by o the weak topology o (X**,X*). Let x** € X™, ||x**| = 1.
Then since J(B) is o-dense in B** (see [15], Chap.IV, Sect. 5), there is a gener-
alised sequence {x¢ }oea (xo € B) such that Jx, 2, x**. Since Jxg +Jxg G, 2xr,
the weak lower-semicontinuity of the norm shows that lim, g HJxa +Jxp H =2, and
hence

lim +xg|| =2. 1.11
i3 @
As X is uniformly convex, it follows from (1.11) that lim, g Hxa —xﬁH =0, so
that for some x € B, limgy ||xq —x|| = 0. Thus limg ||Jx¢ —Jx|| = O and hence
x** = Jx : X must be reflexive. a

Together with Proposition 1.4 this gives

Proposition 1.6. Let K be a closed, convex, non-empty subset of a uniformly convex
space X. Then K has a unique element of minimal norm.

Now let X be uniformly convex and let K C X be closed, convex and non-empty.
Given any x € X, the set K — {x} := {y —x:y € K} is closed and convex and so has
a unique element w(x) of minimal norm, by Proposition 1.6. Clearly w(x) = z(x) —x
for some unique z(x) € K and

[l2(x) — x| = inf{[ly —x[| : y € K} = d(x, K).

In other words, there is a unique point Pxx := z(x) of K such that d(x,K) =
|lx — Pxx||. The mapping Px : X — K is called the projection map of X onto K;
plainly Pgx = x if and only if x € K.

Proposition 1.7. Let K be a closed, convex, non-empty subset of a uniformly convex
space X. Then the projection map Py is continuous.

Proof. Suppose the result is false. Then there exist x € X, a sequence (x,) in X
and € > 0 such that lim,_..x, = x and ||Pgx, — Pgx|| > € for all n € N. Since
|d(x,K) — d (x4, K)| < ||x, — x|, it follows that
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[0 — Prcxal| = [lx = Prx[|] < [ — x| — O'as n — eo.

As (Pgxy) is bounded, it has a weakly convergent subsequence, still denoted by
(Pgxy,) for convenience, with weak limit z, say. Since K is closed and convex, it is
weakly closed and so z € K. Moreover, x,, — Pxx, — x — z and

[lx =2l < Tim inf{}x, — Pexa|| = [lx = Pex]],
which implies that z = Pxx. Hence
Xn — Pxxp — x— Pgx and ||x, — Pgxy|| — ||x — Pxx|| -

By Proposition 1.5, the uniform convexity of X now implies that x,, — Pxx, —
x — Pxx, so that Pxx;,, — Pxx : contradiction. O

If X is a Hilbert space H with inner product (-, -), this last result can be sharpened,
for then
| Pxx — Pgyl| < |lx—y|| forall x,y € H.

To establish this, note that for all w € K and all x € H,
[lx = Prexe]| < [lx — wl].
Thus if A € (0,1),
[l — Pex||* < [lx — (1 — A) Pgx — APxy||* = [|x — Prx + A (Pgx — Pey)||*

Hence
0 <2 re (x — Pgx, Pxx — Pxy) + A || Pex — Pey|)* .

Similarly,
0 <2re (y— Pgy, Pxy — Pix) 4+ A || Pxx — Pryl|*.

Addition of these inequalities gives
re (x —y+ Pxy — Pxx, Pxx — Pyy) > —A ||Pex — Pyl
Letting A — 0 we see that
re (x—y,Pky — Px) > || Pex — Py

from which the result follows easily.

A map U : [0,00) — [0,00) that is continuous, strictly increasing and satisfies
1(0) =0, limy_,e u(z) = oo, is called a gauge function. A map J from a Banach
space X to 2X" the set of all subsets of X*, is said to be a duality map on X with
gauge function U if
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J(x) ={x" € X" (x,x") = [|x*|| |x[|, [[x* [} = g ([x[[) }-

Note that by the Hahn—-Banach theorem, for each x € X the set J(x) is non-empty.
It is also convex. To justify this, let x*,y* € J(x) and A € (0,1). Put z* = Ax* +
(I —A)y* and observe that

(6,27) = A (0,x7) + (1= 24) {x,y7) = p ([l [1x]] -
Hence ||z*|| > u (||x]|) . However,
1271 < Al 4+ (=2 [ly* )l = e ([l

and so ||z"|| = wu (||x||) . Thus z* € J(x) and the proof is complete.

Let X be a Banach space with strictly convex dual X* and let J be a duality map
on X with gauge function . Then for each x € X, the set J(x) consists of precisely
one point. In fact, for each x € X, the points in J(x) lie on the sphere in X* with
centre 0 and radius u (||x||) . If J(x) contained two distinct points, the midpoint of
the line segment joining them would be in the convex set J(x), which is impossible
as X* is strictly convex.

In view of this result, we shall regard a duality map J on X as a map from X to X*
when X* is strictly convex. It is known (see [19], pp. 42-43 and [94], p. 176) that if
X and X* are strictly convex, then J is an injective map of X onto X* that is strictly
monotone (that is, (x —y,Jx — Jy) > 0 if x,y € X,x # y); it is weakly continuous in
the sense that if x; — xp in X, then Jx; converges weak® in X* to Jxy (the conver-
gence is strong if, in addition, X* is uniformly convex); the map J~' : X* — X is a
duality map on X * with gauge function p~! if, in addition, X is reflexive, X** being
identified with X. When X is a Hilbert space, so that X* may be identified with X,
the most natural duality map on X is the identity map, corresponding to the gauge
function u with u(r) =1¢.

When 1 < p < oo and u(t) = tP~!, it may be checked that the duality map J on
L,(£2) (where Q is, say, a domain in R") with gauge function y is given by

J(u) = ulPu. (1.12)

The duality map J on /, with the same gauge function p is defined by J((x)) =
(Ix¢|”~%x¢). Duality maps on Sobolev spaces will be discussed later.

Next we turn to differentiability. Let F be a real-valued function on a Banach
space X. We say that F' is Gdteaux-differentiable at xo € X if there exists x* € X*

such that \
F th)—F
(") = lim £ 0 1H) = Flx0)

t—0

forallh € X. (1.13)

The limit above is called the derivative of F in the direction h; the functional x* is
denoted by grad F(xp) and will be referred to as the gradient or Gdteaux derivative
of F at xg. Another notion of differentiability of F is that of Fréchet: F is said to
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be Fréchet-differentiable at x if there exists a functional F’(xp) € X*, called the
(Fréchet) derivative of F at xq, such that

|F (xo 4 h) — F(x0) — (h, F' (x0))|
(|7

—0as ||k]]| — 0. (1.14)

Clearly Fréchet-differentiability implies Gateaux-differentiability, with equality of
grad F(xp) and F'(xp); in the reverse direction, it can be shown that if grad F(x)
exists throughout some neighbourhood of xy and is continuous at xg, then F is
Fréchet-differentiable at xo and grad F(xp) = F'(xp). As Géteaux derivatives are
often easier to calculate than Fréchet derivatives, this result is quite useful.

The case when F(x) = ||x|| (x € X) is of particular interest.

Proposition 1.8. Let X be a Banach space with norm ||-||. Then ||| is Gateaux-
differentiable on X\{0} if and only if X* is strictly convex.

Proof. For the moment we suppose that X is real. Let x,h € X. If 0 < s < ¢, then the
convexity of y — ||x+ y|| implies that

N N N
[l shll =[xl = |bx+ zth+ (1 =) -Off =[xl < =[x+ 2h] — <],
t t t

which shows that ¢ + ¢ ~!(||x+¢h| — ||x||) is monotone increasing in ¢ > 0. More-
over, t ! (|lx+th|| — ||x||) is bounded below, for use of the triangle inequality shows
that

t (el = [Jx]l) > = [|A]].
Hence ¢ (h) :=lim, o4 t =" (||x +th|| — ||x||) exists for all x,h € X, as does ¢_ (h) :=
tim, .+ (lx]| — [xx— £h]). Since

[le+2hl| =[xl =[xl — [l — Al

we see that ¢_ (h) < ¢, (h).
If x* € X* is such that ||x*|| = 1 and (x,x*) = ||x||, then

oxtthxt) x| — e —th|

t t

(h.a) =
and so ¢_(h) < (h,x*); similarly, (h,x*) < ¢, (h). Put

M (x)={x"€X":¢_(h) < (h,x*) < ¢, (h) forall h € X}.
We claim that

M () = {x" € X" '] = Land (x,x") = [x]}.
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To justify this, let x* € M*(x) and observe that ¢_ (x) < (x,x*) < ¢ (x), while clearly
¢_(x) = ¢, (x) = ||x|| . Hence {x,x*) = ||x|| and also ||x*|| = 1. The claim is justified.

Now suppose that ||-|| is Gateaux-differentiable on X\ {0} and let x € X\{0}.
Then the functionals ¢_ and ¢ introduced above coincide, which implies that
(h,x*) = ¢_(h) for all h € X and hence that M*(x) has exactly one element. By
Proposition 1.3, X* is strictly convex.

Conversely, suppose that X* is strictly convex and let x € X\{0}. Then M*(x)
consists of a single element, x* say. We claim that this implies that x* = ¢_ = ¢_..
For fixed yo € X define a functional x| on the space spanned by y according to the
prescription (Ayo,x}) = A4 (yo). If A >0, ¢, (Ayo) = A4 (yo), while if A <0,

A9+ (y0) = = |A[ 9+ (y0) = [A[ - (=y0) < [A]9+(—y0) = &+ (Ay0)-

Hence (Ayo,x}) < ¢, (Ayo) for all A € R. Moreover, ¢, is subadditive, since for
0<t<s,

_ t t
0+ 01 +32) < (1/2)7 {331+ 332 — el }
=17 {l2x-+ 11+ 2] = 2 e}
<7 bty | = ]} 57 e+ syl = el

It follows from the Hahn—Banach theorem that there is a linear extension x;, € X* of
x} such that (y,x5) < ¢4 (y) on X. Thus |(y,x5)| < [|y|| forall y € X and so xj € X*.
Moreover, (—y,x5) > —¢+(y) = ¢_(y) on X : we conclude that xj; = x*. Repetition
of this argument with ¢_ instead of ¢, shows that ¢_(y) = (y,x*) = ¢, (y) for all
y € X, which means that ||-|| is Gateaux-differentiable on X\{0}.

When X is complex the arguments are similar, with re x* instead of x*. a

Remark 1.2. (i) Proposition 1.8 leads to the description as smooth those spaces
X for which X* is strictly convex; the arguments above show that for such
spaces X, if x € X\{0}, then grad ||x| is the unique element x* € X* such
that (x,x*) = ||x|| and ||x*|| = 1. This implies that the map J : X — X* given
by Jx = u(||x||)grad ||x|| (x #0), JO =0, is the duality map on X with gauge
function u.

(i) If X* is uniformly convex and X is real, it can be shown (see, for example,
[96], Lemma I1.5.7) that grad ||x|| is the Fréchet derivative of ||-|| at x for each
x € X\{0}.

The Gateaux derivative of the norm is quite easy to determine directly in some
important cases. For example, suppose that 1 < p < o and consider the sequence

space [,, with norm ||x|| = (X7 |xk|”)]/p. It is easy to see that as ¢t — 0, then for all
x,h € X with x # 0,

fﬁlz{|xk+thk|p — "} —’PZPCk\pil sgn x - hy.
T 1
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From this we have
grad || = p~" ' grad [le|” = (Jlx|' P ul?" sgn ) v £0. (115)

In a similar way it can be shown that the Giteaux derivative of the norm ||x|| =
(Jo |x(§)|”d§)1/p on L,(€), where Q is, for example, an open subset of R”, is
given by

(grad [lx[|) (&) = [l [x(&)["~ ' sgn x(&), & € . (1.16)

Of course, (1.15) and (1.16) also follow immediately from our earlier calculations
of duality maps for [, and L, (£2).

Further illustrations of the usefulness of Proposition 1.8 can be given by means
of polar sets. Given any closed linear subspace M of X, we write

M° = {x* €X*: (x,x") = 0 forall x € M},

and call this the polar set of M; similarly, if N is a closed linear subspace of X*, we
set
ON ={xeX:(x,x*)y =0 forall x* € N}.

Corresponding notation is used with respect to linear subspaces of other Banach
spaces and their duals. The polar set M° of any closed linear subspace M of X is
isometrically isomorphic to (X/M)* : in fact, with the canonical map of X onto
X /M denoted by ¢, the adjoint ¢* of ¢ is an isometric isomorphism of (X /M)*
onto M° (see, for example, [15], Chap. IV, Section 5, Prop. 9). Note also that if X is
reflexive, then (M?)* is isometrically isomorphic to X /M and X /M is reflexive.

Proposition 1.9. Let M be a closed linear subspace of a reflexive Banach space X .
If X is strictly convex, so are M and X /M; if X* is strictly convex, so are (X /M)*
and M°.

Proof. Suppose first that X is strictly convex. Then clearly so is M. Since X is
reflexive, the norm on X*, and hence that on M° and thus on (X /M)* (which is iso-
metrically isomorphic to M?) is Gateaux-differentiable at all non-zero points. Hence
by Proposition 1.8, the reflexive space X /M is strictly convex. If X* is strictly con-
vex, then so is its closed subspace M?, and as (X /M)* is isometrically isomorphic
to M?, the result follows. O

Remark 1.3. In [32] the relationship between uniform convexity of a Banach
space X and that of its quotient spaces is analysed. Let .# be the family of all closed
linear subspaces M # {0} of X. It turns out that X is uniformly convex if and only if
all the quotient spaces X /M (M € .#') are uniformly convex, with a common mod-
ulus of convexity; the same holds if .# is replaced by {M € .# : dim(X /M) = 2}.
This paper also discusses the interaction between uniform convexity and dual
spaces. To explain this, we introduce the modulus of smoothness of X : this is the
function py : (0,°0) — [0,0) defined by
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431+ e
pre(e) =sup{ By -1y = .

Since
2xll = 1x+y) + =) < [x+yl +[[x =yl

it follows that px(g) > 0.

The space X is called uniformly smooth if
lim px(g)/e =0.
e—0

Note that in the definition of px (€) the supremum may be taken over all x,y € X with
|lx|| <1 and ||y|| < & without affecting the outcome. Uniform smoothness means that
if x and y are on the unit sphere and lie in a narrow cone, then ||x + y|| is close to 2;
loosely speaking, the unit ball of X does not have any corners. Hilbert spaces H are
the ‘most’ uniformly smooth spaces in the sense that

px(€) > pu(e) forall € > 0.
Observe also that X is uniformly smooth if and only if

t —
e

1 ” exists, uniformly on {(x,y) : |x]| = |ly]| =1}.
11—

The main result of [32] is that X is uniformly convex (respectively, uniformly
smooth) if and only if X* is uniformly smooth (respectively, uniformly convex).
For a discussion of this and related notions we refer to [33] (Chap. VII, Sect. 2), [3]
and [107], 5.5.2. Further insight may be obtained by means of the concept of super-
reflexivity. To explain this we need some terminology: given Banach spaces X and
Y, the space X is said to be finitely representable in Y if, for each finite-dimensional
subspace X, of X and each A > 1, there is an isomorphism 7,, of X,, into ¥ for which

27 xlly < 1Tux]ly < A |jx||y for all x € X,

A Banach space X is called super-reflexive if no nonreflexive Banach space is
finitely representable in X. Each of the following properties is equivalent to super-
reflexivity of X (see, for example, [107],5.5.2.4) :

(a) X* is super-reflexive.

(b) X has an equivalent norm with respect to which it is uniformly convex.
(c) X* has an equivalent norm with respect to which it is uniformly convex.
(d) X has an equivalent norm with respect to which it is uniformly smooth.

Given a super-reflexive Banach space X with a Schauder basis (x,),cn, Where
lIxullx = 1 for all n € N, it can be shown (see [76] and [70]; see also [61],
Chap. 9, Theorem 9.25) that there exist p,q € (1,e0) and K > 0 such that for every
X= 3 Oyx, €X,

n=1
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- 1/q - 1/p
- (ZIO‘A") <|X|x<K<Z|O<n|”> :
n=1

n=1

In particular, if X is uniformly convex, then there exists ¢ € (1, o) such that for every
x € X the biorthogonal functionals x}; corresponding to the x,, satisfy (x;;(x)) € ;.

We see from the proof of Proposition 1.8 that given any Banach space X and any
x,h € X, then

(v, )+ o= ||| lim ¢~ {2k = |lx]l) and (x,h)- = lim H(llel = flx = eh])

(1.17)
both exist. Now suppose that ||-|| is Gateaux-differentiable on X\{0}. Then (x,h);+ =
(x,h)_ for all x,h € X; we define (x,h)x to be this common value and call it the
semi-inner product of x and h. Thus

(x,h)x = ||x]| (h,grad ||x|)y , forx,h € X, x #0. (1.18)

We define (0,/4)x = 0 for all 4 € X. Note that (x,4)x depends linearly on 4 and that
(x,x)x = ||x||*; however, in general, (x,h)x # (h,x)x. By way of illustration we note
that when X = L,(Q) and 1 < p < oo,

(i = 7 [ (&) HERE)aE, (1.19)

This leads us to the notion of orthogonality of elements of a Banach space. Follow-
ing James [75], we give

Definition 1.1. Let X be a Banach space and let x,h € X. Then x is said to be
orthogonal to &, written x L A, if

|lx+Ah| > ||x|| forall A € R; (1.20)

x is orthogonal to a subset H of X if x L & for all 4 € H. Orthogonality of subsets
My, M, of X, written M | M,, is defined in the obvious way.

Note that in general orthogonality is not symmetric, that is, x L 4 does not imply
h L x. Indeed (see [75]), if X is strictly convex with dim X > 3, then if orthogonality
is symmetric, X must be an inner-product space.

The linkage between orthogonality and semi-inner products is given by the next
result, contained in [75].

Theorem 1.5. Let X be a Banach space with norm ||-|| that is Gateaux-differentiable
at every non-zero point, and let x,h € X. Then x L h if and only if (x,h)x = 0. More-
over, given x € X\{0} and y € X, there is precisely one A € R such that x L Ax+y
and this is given by

(v grad ||x||) = =4 ||x] - (1.21)
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Finally we mention decompositions of X and X*, involving this notion of orthog-
onality, given by Alber [2]. We say that X is the James orthogonal sum of closed
linear subspaces M, M, written X = M| WM,, if (a) each x € X has a unique decom-
position x = my +my, where m; € My, my € My; (b) M "M, = {0}; (c) My L M;.
His result is the following

Theorem 1.6. Let M be a closed linear subspace of a uniformly convex and uni-
formly smooth Banach space X; denote by Jx : X — X* the duality map with gauge
Sfunction u given by u(t) =t (t > 0). Then

X =MuJ'M° and X* = M wixM.

Further decomposition results will be given in the next section.

1.3 Representations of Compact Linear Operators

Let H be a Hilbert space and suppose that A : H — H is compact and self-adjoint.
Then forallx € H,

Ax= Zln(X, On)On,

where the A, are eigenvalues of A, each repeated according to multiplicity and
ordered by decreasing modulus, while the ¢, are orthonormal eigenvectors of A
corresponding to the eigenvalues A,; here (-, -) denotes the inner product in H. More-
over, if the kernel of A is trivial, then the ¢, form a complete orthonormal set in H.
All this is classical, as is its extension (by Erhard Schmidt) to arbitrary compact
linear operators acting between (possibly different) Hilbert spaces; for details of the
proofs see [41], Chap.II, Sect. 5, for example. It turns out (see [44]) that results of a
broadly similar character to these can be obtained in a Banach space setting, under
some restrictions on the spaces; we describe this work below and make applications
in later chapters.

Throughout this section it will be supposed that X and Y are real, reflexive
Banach spaces with norms ||-||y and ||-|| , respectively, and that T : X — Y is com-
pact and linear. The results to be given also hold for complex spaces, but with minor
technical complications in the proofs that we prefer to avoid here. We begin with a
simple result.

Proposition 1.10. There exists x; € X, with ||x1 ||y = 1, such that ||T|| = ||Tx|y -

Proof. We may assume that 7 # 0 as otherwise the result is obvious. Let {wy} be a
sequence of elements of X with ||wy||, =1 forall k € N and limy_.c. || Twi ||y = ||T|| -
Since {wy} is bounded and X is reflexive, there is a weakly convergent subsequence
of {w}, still denoted by {wy} for convenience, with weak limit w € X. As T is
compact, 7wy — Tw. Thus ||w|y < lilrcriinf lwilly =1 and | Tw|ly = ||T]|, from

which it is immediate that ||w||, = 1. Now take x; = w. O
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From now on we suppose additionally that X,Y,X* and Y* are strictly convex.
These blanket assumptions, although not always necessary, allow us to streamline
the presentation. By Proposition 1.3, given any x € X\ {0}, there is a unique element

of X*, here written as Jx (x), such that j;((x)HX* =1 and <x,j;((x)>X = |lxllgs Iy

is defined in a similar way. For all x € X\ {0},
Jx(x) = grad [x]

where grad ||x||y denotes the Giteaux derivative of |||y at x. A corresponding rela-
tionship holds for Jy. Next, let Ux, Uy be gauge functions that are normalised in the
sense that ux (1) = py (1) = 1, and let Jx, Jy be the corresponding duality maps in
X, Y respectively. Then

Jx(x) = p (|lxllx) Jx (x) (x € X\{0}),Jx(0) =0,
the same holding if X is replaced by Y.

Proposition 1.11. Let x| be as in Proposition 1.10 and suppose that T # 0. Then
X = X satisfies the equation B B
T*JyTx = vJxx, (1.22)

with v = ||T||; in terms of duality maps this equation has the form

T*JyTx = viJyx, vi = | T y (1)) (1.23)

Moreover, if x € X\{0} satisfies (1.22) for some v, then 0 < v < ||T|| and ||Tx||y, =
vl -

Proof. Since

[ Tx||
IT|| = ITx1|ly = max r,
xex\{0} ||x]lx

it follows that for all x € X,

i(||Tx1+th||Y>L o
ai\ Tatnady Moo
so that in terms of duality pairings,
<T.x,jin.X1> :||TX]||Y<)C,.E()C1> ;
Y X

and hence B B
T*JyTxl = }\,Jxxl,

with A = ||T]].
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For the converse, let x € X\ {0} satisfy (1.22) for some v. Then
Ty = <Tx,fYTx> = <x, T*J~yTx> - v<x,fxx> = v xlly -
Y X X

Hence 0 <v <||T]. 0

Proposition 1.11 shows that ||T'|| is the largest ‘eigenvalue’ v of (1.22), which
may be thought of as the Euler equation for maximising ||7x||, subject to the
condition ||x||, = 1. Note that when X and Y are Hilbert spaces, it reduces to

T*Tx = vx,
so that v!/2 is simply a singular value of T, in standard terminology. Note also that
(1.23) may be written in the form

T*JyTJy 'x* = vix*,

so that v; is an ‘eigenvalue’ of the (in general) nonlinear map T*JyTJy ! viewed as
acting from X* to X*.

We now apply Propositions 1.10 and 1.11 repeatedly. Let X = X, put M| =
sp {Jxx1} (the linear span of Jxx;), X = OM;, Ny =sp {ITx1}, Ya = ON; and
A1 = ||T||. Both X, and Y5 are reflexive as they are closed subspaces of reflexive
spaces; also, X5 and Y5 are strictly convex, since, for example, X5 = (OMI)* is
isometrically isomorphic to X;'/M;, which is strictly convex, by Proposition 1.9.
Moreover, since by Proposition 1.11,

<TX,JyTxl>Y =V <x,]xx1>x forall x € X,
it follows that 7 maps X5 to Y». The restriction 75 of T to X; is thus a compact linear
map from X, to Y;, and if it is not the zero operator, then by Proposition 1.11 there
exists xp € X»\{0} such that, with obvious notation,
<T2X,Jy2 T2x2>Y2 =V <)C,JX2.X2>X2 for all x € X»,
where v, = )Q,Uy(/lz),lz = ||TX2HY = ||T2|| . Evidently A; < A;. and v, < vy.
Continuing in this way we obtain elements x1,x3,...,x, of X, all with unit norm,
subspaces M1, ...,M, of X* and Ny,...,N, of Y*, where
Mk = Sp {Jxxl,...,JXxk} and Nk = Sp {JyTxl,...,JyTxk}, k= 1,...,71,

and decreasing families X|, ..., X, and Y1, ...,Y,, of subspaces of X and Y respectively

given by
Xe= "M 1.Yi= Ny, k=2,...n. (1.24)
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Moreover, for each k € {1,...,n}, T maps X into Y, x; € X; and with Tj :=T Tx,,
M = ITx ||, vi = Aty (A4¢), we have

<Tkx, JYkaxk>Yk =V <x7Jkak>Xk for all x € X, (1.25)

and so
Tk*Jykaxk = VkJkak. (1.26)

Note that (1.25) is equivalent to
(Hx,JyTxk>Y = VWi <x, Jxxk>X for all x € X;. (1.27)

For on identifying ¥;* with the quotient space Y* /Y, it follows that Jy,y — Jyy € ¥;?
for any y € Y} and hence, if x € X,

<Tkx7Jka>yk = <7}<X,Jyy>y
since Tix € Y;. The right-hand sides of (1.25) and (1.27) are handled in a similar
way.

Since Tx; € Y, = ONk,l,

(Txg,JyTx;)y =0if I <k. (1.28)

In terms of the semi-inner product (-, -)y defined by (1.18), this means that
(xl,xk)X =0ifl <k. (1.29)

The process stops with A, x,, and X, if and only if the restriction of T to X,

is the zero operator. In that case, the range of T is the linear space spanned by
Txy,...,Tx,. Forifx € X, put

k—1
Wp=x— 21 Ejxj, &5 =&j(x),
=

for k > 2, where the &; are so chosen that wy € X;. Such a choice is possible, and in
a unique way, in view of (1.29): just take &; = (x,Jxx)y and for2 <1 <k—1,

-1
&= <x— > éjx/',fxxz>
j=1

X

Hence Tw,,+1 =0, so

n n
Tx = 2 ngXj = 2 /’Ljéjyj, where yj = ij/ HijHY' (130)
j=1 j=1
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This situation may occur even if X is infinite-dimensional; it will certainly be the

case eventually if dim X < oo since x1,...,x, are linearly independent. We observe
that as the &, above satisfy

k—1
ék:(xkax)X_zgj(xkvxj)Xvkzzv'“ana (131)
J=1

then with & := (&,...,&,)", where the superscript 7 denotes the transpose, we have
the matrix equation

L(x1,ex0)E = ((x1,2)x, 0, (X0,%)x)" (1.32)
where I'(x1,...,x,) is the lower-triangular, Gram-type n X n matrix with kth row
(xerl)Xw")(xkaxkf])Xa 1505"'70

if k > 2, and first row 1,0, ...,0. Since I' (xy,...,x,) is invertible, we have an explicit
formula for the &.

Proposition 1.12. If T is not of finite rank, then the sequence {A,} is infinite and
converges to zero.

Proof. Since Tx, € °N,_1,
<Txn,fyTxm>Y —0ifm < n. (1.33)
Thus if m < n,

klim M < | Txmlly = <Txm,j;/Txm>Y = <Txm - Txn,j;/Txm>Y

< T — Tally nyrxm

. T X — Txnlly -

Since {x,} is bounded and T is compact, some subsequence of {Tx,} must con-
verge. The result follows. O

There is an obvious connection between the A, and the Gelfand numbers ¢, (T')
of T. These numbers form one of several sequences used to help determine ‘how
compact 7' is’ and are defined by

en(T) = ianT r;H (neN),

where the infimum is taken over all linear subspaces 5(; of X with codimi(; < n(see
[41], Definition II1.3.3). Together with other related numbers they will be discussed
more fully later on. Since
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codim X = dim(sp{Jx)q s ey IXXR—1 }),
it follows immediately that

en(T) < Ay (nEN).

Corollary 1.2. Ifthe rank of T is infinite, then
kerT D MuenXn i = Xeo. (1.34)

Proof. If x € NyenXn, then for all n € N, [|Tx|| < A, |jx]| — 0 as n — oo : thus
x €kerT. ad

Next we examine the properties of the family of maps
Sk X — My = sp{xt,.,x,1} (k>2)

determined by the condition that x — Syx € X; for all x € X. By induction it follows
that Sy is uniquely given by

k—1
Sex =Y &j(x)x;, (1.35)
j=1
where, as noted above,

i—1
§jlx) = <x—/_§‘; Ei(X)xiJXXj> ; E1(x) = (e, Jxx)y -

X

Hence S} is linear. From the uniqueness it follows that S? = S; and S is a linear
projection of X onto .#,_,. With E; := (-,Jxx;), x; we have

Six = Sg—1X 4+ (X — Sk 1, Ix Xp—1) x Xk—1

and so
Sk =Sk—1+Ep—1(I = Sk—1),

where [ is the identity map of X onto itself. Hence
[—Sy=(I—Er1)--(I—E)) (ke N,k>2). (1.36)
Proposition 1.13. The spaces X and X* have the direct sum decompositions

X=X @My, X =M@ (M_,)° (1.37)
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for each k > 2. The operators Sy, S; are respectively linear projections of X onto
M|, and X* onto My_;.

Proof. From (1.36) we have
I'=Si= (" —Ej)- (I' = E{_), (1.38)

and it is readily seen that
EJ* = <Xj, ~>XJXxj.

It easily follows by induction that S} and I* — S} have ranges M;_; and (//11271)0

respectively. a

Remark 1.4. In view of the above Proposition, we can write the identity (1.27) as
(T(I—Sp)x,JyTx)y = vi (I — Sg)x,Jxxi)y forall x € X. (1.39)

Hence
(T*JyT — vidx) xx € X2 = My,

and
(I*—Sz) (T*]yT—Vka)xk:O. (140)

We summarise some of the previous results in the following theorem.

Theorem 1.7. Suppose that T is not of finite rank. Then for each k € N, there exist
X € Xi and vi € R such that (1.26), (1.27) and (1.40) (k > 2 for this last equation)
are satisfied with limy_,., v = 0.

Remark 1.5. Suppose that X =Y. If A is a non-zero eigenvalue of T corresponding
to a normalised eigenvector x, then

<x,7L*1T*J}x> = <7L*1Tx,.l}x> = <x,J}x> =1,

b'¢ X X

so that by the strict convexity and reflexivity of X* (see Proposition 1.3),
T*Jyx = AJyx.

This means that Jyx is an eigenvector of 7* with corresponding eigenvalue A; so is
Jxx. Moreover, since Jx (Ax) = (sgn A)Jxx,

T*JxTx = T*Jx(Ax) = (sgn )T *Jxx = |A|Jxx,
and hence the eigenvector x of T satisfies (1.22). Consideration of suitable compact

Volterra integral operators shows that solutions of (1.22) need not be eigenvectors
of T.
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When X and Y are Hilbert spaces, the duality maps are identified with the iden-
tity and the dual spaces with the original spaces; also S; = Sx. The direct sums
in Proposition 1.13 are now orthogonal sums and, by (1.28), T*Tx; € X;. Hence
Se(T*T — vi)x; = 0. Use of (1.40) now leads to |T|2xk =T*Tx, = l,gxk, since
Vi = lkz. Hence A; is a singular value of T In this case, our result gives the classical
Schmidt decomposition of 7 and T* (see, for example, Chap.II, Sect.5 of [41]).
This is just what is needed in the general, non-Hilbertian, case that we now discuss,
in which we continue to assume that X and Y are real and reflexive, with strictly
convex duals.

Givenx € X and k € N, let z; be the point in X nearest to x, so that z; = Px, where
Py is the projection of X onto X;. As ||zx — x|| < ||x||, it follows that ||z|| < 2||x]|;
and of course ||Tz;|| < A ||z|| - Since

l|zx — x|| = inf{||x —zx + 1y : y € Xs},

we see that for all y € X,

d
5 =zt ol Ti=0=0,
and hence
(0, Jx (x — zt)) = 0 for all y € X;.
It follows that Jy (x — zx) € M_. Hence, by Proposition 1.13,
Jx (x = Px) = SpJx (x — Pex),
and so
x— Pox = Jy ' SiJx (x — Pix).

Since A4y — 0 as k — oo,
Tx = lim TJy ' SiJx (x — Px).

From Corollary 1.2 it follows that as T has infinite rank, there is a strictly increasing
sequence (k(j)) ey of natural numbers such that the weak limit w — lim; . z( j)
exists and lies in ker (7). If ker (T') = {0}, then z;jo — O weakly and hence we
have the following Proposition.

Proposition 1.14. Suppose that T has infinite rank and trivial kernel. Then for all
xeX,
X=w-— hm J)?ISZ(/')JX ()C — Pkmx).
J—oo

We can write this expression in the form

] Py

k(j)-1
x=w—limJ" (Y mi(k(j),x)Ixxi



28 1 Basic Material

for some real constants 1;(k(j),x). We shall show below that the convergence is
strong if X is additionally assumed to be uniformly convex. Since each 7); depends
on k(j) and x, and Jx is (in general) non-linear, this does not imply that the Jxx;
form a basis of X. However, if X is a Hilbert space, so that Jx is identified with the
identity map of X to itself, and ker (7') = {0}, then the fact that x is the weak limit
of some linear combinations of the x; implies that it is also the strong limit of some
linear combination of the x;, and we may write

in the sense of strong convergence, where now 7 = (x,x;)x. Then

Tx =

MiTxi =Y, Afliyi, yi = Txi/ | Txil| .
= =1

i=1 i
We summarise the last results as follows.

Theorem 1.8. Suppose that X is a Hilbert space and that T has infinite rank and
trivial kernel. Then the x; form a basis of X, so that any x € X may be represented
in the form

X = Zﬁixi, n = (x,x)x.
i=1

The action of T is then described by

Tx= ) Ay, yi=Txi/|Txi.

i=1

While this result gives a reasonably satisfying description of the position when
the domain space X is a Hilbert space, the situation without this restriction is less
agreeable: for example, the formula in Proposition 1.14 involves weak convergence.
To show that this can be replaced by strong convergence, we need the following
lemma, in which to simplify notation we have omitted the canonical maps of X onto
X/L and X /S. We continue with this abuse of notation whenever the likelihood of
ambiguity is remote, including canonical maps if clarification seems desirable.

Lemma 1.2. Let £(X) be the set of all closed linear subspaces of X, let ¥ C
Z(X) and put L = Nge.#S, N = Uge #S9. Then L° = N and for all x € X

[xllx /= sup [lx]lx s - (1.41)
se.s

Proof. Let @ : £(X) — Z(X*) be given by ®(Z) = Z° (Z € £(X)). We observe
that given any linear subspace G of a Banach space, its polar G is closed and
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G =9(G"); a corresponding result holds for subspaces of the dual space. Hence
@ is bijective; it also reverses inclusion. Thus for any S € ., L C S and so §° € L?;
hence Uge.»S° € L° and N C L°. Moreover, for all § € .7, S C N, which shows
that @~ !(N) C Nge.»S = L, whence L° C N. Consequently L° = N. This implies
that (X /L)* is isometrically isomorphic to N, and

sup{|(x,¥)x| : ¥ € N, [[y[lx- < 1} = sup{|(x,y)x | : ¥ € Use.r S, Iyl < 1}
= sup {sup{|(x,y)y|:y € 5% |lyllx- < 1}}.
Ses

The result follows. O

Lemma 1.3. Suppose that X is uniformly convex, let Xoo = NienXy and write Py, Poo
for the projections Py, ,Px., introduced earlier. Then for all x € X,Px — Pox as

k — oo.

Proof. Since |[x— Pex|| = [|x|[x/x, < [lx[[x, it follows that ||Pex|| < 2{x||; hence
{Px} has a subsequence that converges weakly to y € X.., say. We claim that
y = P..x. For if not, then

o=l > = Pe] = el . -
Thus
o= P = (= PorJx (r=3) ) = (x =y Jx(x =) )
= lbr=31> Il .

and this implies that for some k € N, [lx— Pex|| > [lx[|y x_ . This means that
1€l /x, > lIxl[x/x. . which contradicts the fact that X.. C X;. Thus every weakly
convergent subsequence of {Px} has weak limit Pox, from which it follows by a
standard contradiction argument that the whole sequence {Px} converges weakly
to P.x. By Lemma 1.2, ||x — Pux|| — ||x — Poox]|| . The result now follows from the
uniform convexity of X.

Theorem 1.9. Let X be uniformly convex. Then for all x € X ,
x= klim (I — P¢)Sgx + Poox.
If ker (T) = {0} and limy_... Syx exists, then x = 37, Ei(x)x;.
Proof. For any closed linear subspace L of X and any u € X, Pru is the unique
element w € L for which ||u — w]| is minimal. Hence if u —v € L we have PL(u—v) =

u — v, and since

lu—=(u—=v+P)| = [lv— P,
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we also have Pru = u — v+ Prv, so that
Piu—Pyv=u—v="P(u—v).
With s = si(x) := Sgx,
(g — Pesi) — (x — Pex) = s —x — Bi(s —x) = 0.

As x — Pix — x — Pox, by Lemma 1.3, the proof of the expression for x is complete.
The rest is immediate, for if ker (7) = {0} and limy_,.. s exists, then limy_.., Psg
exists and is 0, since X.. = {0}.

Note that if X is a Hilbert space, then Six € ///,(’71 = X,} and hence P,Six = 0.
We thus have

z X, Xj xx]+P°ox

Results corresponding to those given above can be obtained if the hypothesis of
uniform convexity is made about Y rather than X. Thus suppose that Y is uni-
formly convex, put Y., = M;_, ¥ and let Oy, Q.. be the projections of Y onto ¥}, Y.
respectively. Then procedures similar to those given above show that

Tx= lim (I — Q)T Six + QuTx,

where T'S;x = Zk VE(0)Txj = 21 1 2;€;(x)y;. If Y is a Hilbert space, then for all
xeX,

Tx = ZA &i(x)yj+ QwTx.
Further details may be found in [44].

Notes

Note 1.1. For further information about the classical theory of bases, see [73] and
[114]. Among the more interesting recent developments concerning unconditional
bases are those involving the notion of indecomposability: an infinite-dimensional
Banach space X is called indecomposable if the only representations X = YEPZ,
where Y and Z are closed subspaces of X, are those in which either Y or Z is finite-
dimensional; X is hereditarily indecomposable (HI) if every infinite-dimensional
closed subspace of X is indecomposable. An example of an HI space is given in
[69]. The Gowers dichotomy theorem (see [68]) asserts that if X is a Banach space,
then there is a subspace Y of X such that either Y is HI or Y has an unconditional
basis.

Note 1.2. The property of uniform convexity behaves well under interpolation. Let
ApA1 be a compatible pair of Banach spaces, one of which is uniformly convex,
and let 6 € (0,1), p € (1,); denote by (A9 A1)e,p, [A0A1]e the spaces obtained
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from Ag and A; by real and complex interpolation, respectively. Then (A9 A1) p is
uniformly convex (see [4], p.71), and so is [Ag A1]g (see [27]): note, however, that
the norm used in [4] is not the familiar K-functional norm, although it is equivalent
to that norm. As the Lebesgue spaces L,(£2) (where £ is, for example, a measurable
subset of R") are uniformly convex if r € (1,), it follows that the Lorentz spaces
L, 4(£2) are also uniformly convex if p,g € (1,20). For by [120], Theorem 1.18.6/2,
p. 134,

LP-!{('Q) = (LPO(Q)7LP1 ('Q)) 0,9’

where pg, p1 and 0 are so chosen that pg, p; € (1,%), po # p1,0 € (0,1)and 1/p =
(1—06)/po+0/p1. We refer to the papers by Kamiriska [77-79] for the uniform
convexity of Orlicz and Orlicz—Lorentz spaces. From her work follows the uniform
convexity of L, ,(£2) endowed with the standard Lorentz norm.

For background material and further results concerning duality maps, see [19,24,
40, 96]. Details of how duality maps on a space X naturally induce duality maps on
quotient spaces of X are given in [44].

Note 1.3. Various attempts have been made to extend to Banach spaces the classi-
cal theory of the representation of compact linear operators acting between Hilbert
spaces. Much of this work is based on quite severe restrictions on the class of com-
pact operators considered: see, for example, [118] and [23]. The approach of [44]
that we present here is different: general compact operators are considered, but the
spaces are typically restricted to being reflexive and strictly convex, with strictly
convex duals. For an account of work of this type emphasising the role of James
orthogonality, see [47].






Chapter 2
Trigonometric Generalisations

In this chapter we introduce the p-trigonometric functions, for 1 < p < e, and estab-
lish their fundamental properties. These functions generalise the familiar trigono-
metric functions, coincide with them when p = 2, and otherwise have important
similarities to and differences from their classical counterparts. As will be shown
later, they play an important part in both the theory of the p-Laplacian and that of the
Hardy operator. Particular attention is paid to the basis properties of the analogues
of the sine functions in the context of Lebesgue spaces.

2.1 The Functions sin, and cos,

Let 1 < p <~ and define a (differentiable) function F), : [0,1] — R by

Fy(x) :/Ox(l—z")*l/"dt. 2.1)

Plainly F, = arc sin. Since F), is strictly increasing it has an inverse which, by anal-
ogy with the case p =2, we denote by sin,,. This is defined on the interval [0, 7, /2],
where

1
m, = 2/0 (1—P)"Yrgs. (2.2)

Thus sin,, is strictly increasing on [0,7,/2], sin,(0) = 0 and sin,(m,/2) = 1. We
extend sin,, to [0, 7r,] by defining

sin, (x) = sin, (7, — x) forx € [7,/2, 7p); (2.3)

further extension to [—7,, 7] is made by oddness; and finally sin, is extended to
the whole of R by 2r,-periodicity. It is clear that this extension is continuously
differentiable on R.

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 33
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_2,
(© Springer-Verlag Berlin Heidelberg 2011



34 2 Trigonometric Generalisations

A function cos;, : R — R is defined by the prescription
d .
cos,(x) = asmp(x), xeR. (2.4)

Evidently cos), is even, 27m,-periodic and odd about 7, /2. If x € [0,7,/2] and we
put y = sin,(x), then

cos,(x) = (1 —yP)1/P = (1 — (sin,(x))?) /7. (2.5)
Thus cos,, is strictly decreasing on [0, 77, /2], cos,,(0) = 1 and cos,(7,/2) =0. Also
}sin,,x|p+ |cos,,x|p =1; (2.6)

this is immediate if x € [0,7,/2], but it holds for all x € R in view of symmetry
and periodicity. Note that the analogy between these p-functions and the classical
trigonometric functions is not complete. For example, while the extended sin,, func-
tion belongs to C'(R), it is far from being real analytic on R if p # 2. To see this,
observe that with the aid of (2.6) its second derivative at x € [0, 7,/2) can be shown

to be —h(sinpx), where
2
h(y) = (1—yP)o~'yr~!,
and so is not continuous at 7, /2if 2 < p < eo. Nevertheless, sin, is real analytic on
[0,7,/2). Figure 2.1 below gives the graphs of sin,, and cos, for p = 1.2 and p = 6.

To calculate 7, we make the change of variable t = s'/7 in the formula above for
7,. Then

ﬂp/2=1f1/01(1—S)’l/”sl/”’lds=p’13(1—1/17,1/p)=p’11"(1—1/p)1"(1/p),

where B is the Beta function. Hence

2r

T,=—"—. 2.7
[) .
psin(z/p)
1 p=6 1 p=1.2
0.5 0.5
0 0
1 2 3 5 10 15 20
-0.5 -05
-1 -
sin_6 sin_1.2
cos_6 cos_1.2

Fig. 2.1 sing,cosg and sinjj,cos;)
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Fig.2.2 y=m,

Note that 7, = 7 and

pr,=2I(1/p"\[(1/p)=p'm,. (2.8)
Using (2.7) and (2.8) we see that 7, decreases as p increases, with

lim 7, = eo, lim 7, =2, lim(p— )7, = lim 7 = 2. (2.9)
p—1 p—roo p—1 p—1

The dependence of 7, on p is illustrated by Fig. 2.2.
An analogue of the tangent function is obtained by defining

Sy, X

tan,x = (2.10)

oS, X

for those values of x at which cos,x # 0. This means that tan,x is defined for all
x € R except for the points (k+1/2)m, (k € Z). Plainly tan, is odd and 7,-periodic;
also tan, 0 = 0. Some idea of the dependence of tan, on p is provided by Fig.2.3,
in which the graph of this function is given for p = 1.2 and p = 6.

Use of (2.6) shows that on (—,/2,7,/2), tan,, has derivative 1 + |tan,x
so if the inverse of tan,, on this interval is denoted by A, it follows that

p;and

At)=1/0+t"), teR.

When p =2, A(¢) is simply arctan 7, giving a direct connection with an angle. To
provide a similar geometric interpretation when p # 2 we follow Elbert [57] and
endow the plane R? with the / » metric, so that the distance between points (xj,x;)
and (y1,y,) of R? is

1
{ler =y11P + [x2a = y2|"} P,
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o5 p=6 p=1.2
5 2000

15 1500
1 1000

0.5 500
0 0

0.2 0.4 0.6 0.8 1
Fig. 2.3 y=tang(x), [0,76/2) y=tan;(x), [0,7(2/2)

14
0.8

0.6

0.4

0.2 {

0 02 04 06 08 1

Fig. 2.4 The first quadrant of §; for p =2,6,1.2

Given R > 0, when 1 < p < oo the curve in R? defined by |x|” +|y|” = R? will be
called the p-circle with radius R, or the unit p-circle S, if R = 1. The first quadrant
of S is illustrated for p = 1.2,2,4 in Fig. 2.4.

Since ’sinpt]p + ‘cospt|’J = 1, the p-circle of radius R may be parametrised by

x=Rcos,t, y= Rsin,t (0 <t <2m,), (2.11)
just as in the familiar case in which p = 2. Let P; = (cos,t,sin,t) € I, for some

t € (0,2m,); we shall refer to ¢ as the angle between the ray OP; (where O = (0,0))
and the positive x;-axis. Now put

mp/2
Cp(t) = /t sin, s ds

and let C be the curve {(C,(t),sin,1) : 1 € [0,27,] } . The arc length of that part of
C between Py = (C,(0),0) and P, = (Cp(t),sin, ), measured by means of the I,
metric on R?, is

[AICN +[cosps|} s = [ {[sings|” + [cosps| "} /" ds =
0 0
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0 1::, X

-circle

Fig. 2.5 Angles

This enables us to explain our method of measuring angles as follows. The ray OP
(where P = (x,x2)) meets the unit p-circle at P; = (cos,t,sin,t); the line through
P, parallel to the x| -axis meets C in the same quadrant of the plane at P, : see Fig. 2.5
(based on [57]).

Then the signed length of the arc PyP,, namely 7, is our measure of the angle
PyOP : such a procedure corresponds to what is done when p = 2. Note also that
X2/x1 = sinpt/cos,t =tan,t, so that the arc length r = A(x2/x1). This enables us
to introduce polar coordinates p and 6 in R? by

p = (bal”+al™)'”, 6 =A(x/x1).

Next we record some basic facts about derivatives of the p-trigonometric func-
tions. They follow immediately from the definitions and (2.6).

Proposition 2.1. Forallx € [0,7,/2),

d e - d

75 oS X = —sin}) lxcosf, Px, Iy X = 1 + tanf x,
d d
-~ p—1_._ (. - p—1 By = BN _ s op—2
JLC0Sp X= (p—1)sin)™"x, = Sinp x=(p—1)sin) “xcospx.

Some elementary identities are provided in the proposition below.

Proposition 2.2. Forally € [0,1],
cos;ly = sin;l(l —yPip, sin;ly = cosljl(l —yP)l/p

and
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2 2 / /
n—sm o 1/p—s—n—sm L=y P =1, cosh (myy/2) = sinf) (m, (1 —)/2).
P I

Proof. The first two claims follow directly from (2.6). For the third, note that

/ (I,yp)l/p, / /
sm;,](]—yp)l/p :/ (1 =" YPar,
0

and that the change of variable s = (1 — tp,)l/ P transforms this integral into

p )~ Vrq _(@_'*1>:E<@_'*')
/ spzsmpy np2s1npy7

the final step following from (2.8). To obtain the fourth identity, write
cosh(mpy/2) = 1 —sinf(mpy/2) ;=1 —x

and observe that in view of the third identity,

2 2
y= —singlxl/p =1——sin (1 —x)l/”/7
T ﬂfp/ I3

which gives
1 —x=sin®) (1, (1-y)/2). 0

It is also convenient to have more refined extensions of the trigonometric func-
tions. To obtain these, suppose first that p,q € (1,0) and put

Ty = 2/ )~ VPay. (2.12)

This coincides with 7, when p = g. Use of the substitution s = t¢ shows that

1
np,q=2q’1/0 (1—s)"pstalds =247 'B(1/p',1/q). 2.13)

From (2.12) it is easy to see that 7, , decreases as either p or g increases, the other
being held constant, and that

lim 71, =2 (1 < g <o), lim 7, , =2 (1 < p < o). (2.14)
gq—°

p—roo

By analogy with the case p = ¢ we define sin), 4 on the interval [0, 7, ,/2] to be the
inverse of the strictly increasing function F), ; : [0,1] — [0, 7, ,/2] given by
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X
qu(X):::jﬁ (1—9)~Vrdy. (2.15)

This is then extended to all of the real line by the same processes involving symme-
try and 27, ,-periodicity as for the case p = g. The function cos,, 4 is defined to be
the derivative of sin, ,, and it follows easily that for all x € R,

|sinp gx|? + |cosp x| = 1. (2.16)

So far we have supposed that p, g € (1,), but with natural interpretations of the
integrals involved the extreme values 1 and o can be allowed. This gives

2p, if 1 <p<eog=1,

g, = 2 I1spseq=c, 2.17)
P9 oo, 1fp=1,1§6]<°°7 '
2, if p=oo,1 <g<oo.

Corresponding values of sin, 4 and cos, , are given by

L= (1=x/p)V, if 1 <p<ooq=1,

sinp 4 x = X, if 1 < p<oojg=oo, (2.18)
X, lfp:w71§q§°07
and
(1—x/pHYY P if 1l < p<oog=1,
COSpgX = 1, if 1 <p<oojg=neo, (2.19)
1, if p=oo,1 < g < oo,

When p = 1 these functions can be expressed in terms of elementary functions only
when ¢ is rational, in general. Thus

sinjjx=1—e"", cos;jx=e 7, sinj,x =tanh x, cosjox = (coshx)*z. (2.20)

Note that the area A (measured in the usual way) enclosed by the p-circle |x|? +
[y|? = 11is given by

A=2p (T (1/p))*/T(2/p) = 7y - 2.21)

A:4//M@,

where the integration is over all those non-negative values of x and y such that
xP +yP < 1. The change of variable x = w!'/?, y = z1/? shows that

A=4p? //wl/p*lzl/[’*ldwdz,

To establish this, note that
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where now the integration is taken over the set w > 0,z > 0,w+z < 1. By a result
of Dirichlet (see [121], 12.5),

AT [
=S h

from which (2.21) follows.
Moreover,

1
/0 (sinp,q (Mp,gx/2))dx = p'/(P'+q) if p.q € (1,). (2.22)
To establish this, observe that, with the above integral denoted by 1,

2 Tpq/2

I=— sin 9y,
Tpq Jo (sinpqy)"dy

so that the substitution z = sin, 4y gives

1 1
]:i A1 =) Pz = 2 / 91— 1) Vpgy
0

Tp,g /0 q7p.q
2 ra/p+1i/q  p
g q) q+p

Since |cospvqx|p =1- |sinp7qx|q we also have

1
/o (cospq (mpgx/2))P dx =q/(p'+q) if p,q € (1,0). (2.23)

As shown in [92], it is interesting to compute the length L, of the unit p'-circle,
measured by means of the /,, metric on the plane. This is

)//2
L, :4/(]”1 (]x' ()] + \y’(t)\”)l/pdt,

where x(f) = cos,/t and y(t) = sin,t. Routine computations plus the use of (2.6)
(with p replaced by p’) show that

4(r(1/p")’

1
L/:4/ l—zp/)_l/pdz=27t ;= .
s " T C/p)

In [92] it is observed that the p’-circle has an isoperimetric property, namely that
among all closed curves with the same p-length, the p’-circle encloses the largest
area. Since the area A enclosed by the p’-circle |x|p/ + \y\pl =R is m, yR* and the
p-length of this p-circle is 27, R, we have the isoperimetric inequality
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L}, > 4m, A,

which reduces to the more familiar L3 > 47A when p = 2.

As might be expected, there are connections between the generalised trigonomet-
ric functions we have been discussing and some functions from classical analysis.
For example, consider the incomplete Beta function I(-;a,b), defined for any
positive a and b by

I(x;a,b) =

1 X
tafl 1— bflt 11:
B, A xe .1

see, for example, [1, 26.5.1]. The change of variable u = 7 in (2.15) shows that
-1 / w V(1 —u)rdu= g7 B(1/q.1/p)I%:1/q.1/p).
and so, by (2.13),
. 1
sinj, 4 (x) = Fp.q(x) = z”p,ql(xq§1/4]71/19/)7 xe[0,1]. (2.24)

Moreover, since the incomplete Beta function is related to the hypergeometric
function F by

x*
I(x;a,b) = F(a,1—b; 1;
(x;a,b) aB(a.b) (a a+1;x)
(see [1, 6.6.2]), we have
sin, ¢ (x) =xF(1/q,1/p:1+1/q:x%), x € [0,1]. (2.25)

Since

_ ~x(1—x)b S Bla+1,n+1) .
I(x;a,b) = aB(a,b) {l—’—IZ‘OB(a—G—b,n—Fl)xn ¥€(0,1),

(see, for example, [1, 26.5.9]), we have
B(1+1/g,n+1)

. 1 _ 1/p - q(n+1)
sin, , (x) = x(1 — {1+ E 1/q—|—l/p n+1)x },XG(O,I).
(2.26)

We can also use the well-known fact that

v Lla+n)I(b+n)I(c)x"

F<“’b;c”‘):n§0 T@r B (ctn) n!

to obtain the expansion
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I'n+1/p) xM

sinp’q(x) = xngomﬁ, S (0, 1) (2.27)

From (2.27) it is possible to obtain a series expansion for sin, 4(x) in the form xz

n=0
apx?" but we leave this delightful task to the intrepid reader, who is urged to show
that if x € [0, 7,/2), then

1 prrli (p2—2p—l) 2p+1+m.
pp+1) 2p2(p+1)(2p+1)

SINpX =X —

Finally, we consider various integrals involving the p-trigonometric functions.
Proposition 2.3. Forallx € (0,7,/2),

— si P =(p— i Pl
/cospxdx— sinp, x, p/cospxdx— (p— Dx+sinyxcosh ™ x,

(p— 1)/sin§_1xdx = —cosﬁ_lx7 /tangxdx =tan,x —x

and 1
/sinpxdx = zsinf,xF(l/p,2/p; 1+2/p;sinf x).

Proof. Apart from the last integral, these follow directly from the definitions. To
obtain the final result, make the substitution u = sin, x, note that

pn
/sin,,xdx:/( ) VPdu = / z anL/IP/p)u du,

n!

integrate, and then write the resulting series in terms of the hypergeometric function.
O

For definite integrals we note the following elementary results.
Proposition 2.4. Let k,l > 0. Then

/2 k+1 1 /2 1 1 k—1
/1 smkxdx——B( + ), /l coskxdx——B< l+—>
0 p P P 0 p p p

and 52
/ ' sm’,‘,xcos xdx = —B (k+ ! 1+ u) .
0 p p p
These follow directly by making natural substitutions: for example, in the first
integral we put y = sin, x and then ¢t = y”. The conditions on k and / can be weak-
ened: in the first and third equality the condition on k can be weakened to k > —1,
while in the remaining cases the conditions k,/ > 1 — p will do.
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To illustrate the utility of Proposition 2.4 we give a result concerning the Catalan
constant G, defined to be
o (=D
G=) ———.
,EO (2k+1)?
This constant plays a prominent réle in various combinatorial identities. From the
power series representation (2.27) of sin;1 x we have

1 i P T
xfslnpxz n—|— /p) (sin, %) ,0<x< =£
(mp+1r(1/p) n! 2

Hence, with the aid of the first part of Proposition 2.4, we have

/”P/2 x ﬂpz I'(n+1/p) 1
Jo sinp S\ nll'(1/p) ) np+1

It is known that (see, for example, [63], 1.7.4)

/2
/ —dx =2G.
0 sinx

Thus the Catalan constant is expressible as

ma e\
GZ%((m)?zZn) 2n+1

n

We refer to [20, 39, 89, 90] for further information and additional references
concerning these functions and their applications. A fascinating account of early
work on generalisations of trigonometric functions is given by Lindqvist and Peetre
in [93].

2.2 Basis Properties

We have already remarked in 1.1.1 that (sin(n7-)),en is a basis in L,(0,1) for any
g € (1,00). It is natural to ask whether the functions sin,(n7-) have a similar prop-
erty: the answer, given in [9], is that they do, at least if p is not too close to 1,
and we now give an account of this result. For simplicity the action will take place
in L,(0,1) rather than L,(a,b), and for this reason we introduce the functions f, ,
defined by

Sup(t) =sin,(nmpt) (n € N,1 < p < oot €R). (2.28)

When p = 2 these functions are simply the usual sine functions, and we write
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en(t) = fu2(t) = sin(nmt). (2.29)

Since each f;, , is continuous on [0, 1] it has a Fourier sine expansion:
Fap(t) 2 Fup(K)sin(knt), f (k) =2 / Jop(t) sin(kmt)ds. (2.30)

From the symmetry of f; , about t = 1/2 it follows that ﬁ;(k) = 0 when k is even
and that

Fon(k) =2 / Fup(nt) sin(kmr)dr =2 2 Fio(m / sin(k7r) sin(mnt)dt

_ {flip(m) if mn = k for some odd m, 2.31)

0 otherwise.

For brevity put 7, (p) = j/”l\,,(m) As all the Fourier coefficients of the f, , may be
expressed in terms of the 7,,(p), we concentrate on the behaviour of these numbers,
beginning with their decay properties as m — oo. For even m, 7,,(p) = 0. If m is odd,
integration by parts and the substitution s = cos,(7,¢) show that

1/2 ar. 12
: P
Tn(p) = 4 f1,p(t)sin(mmt)dt = — cos, (myt ) cos(mmt )dt
4 1/2 d
= _mzn;z / sin (mmt) Ecosp(npt)dt
0
1
_ A [ (T cos, s ) ds. (2.32)
m?n? Jo T,
In a similar way we have, for odd m,
4 rl
Tn(p) = %/ cos (Z—n sin,, 1 )ds. (2.33)
0 p
From (2.32) we obtain the estimate
|Tn(p)| < 47,/ (mm)? (m odd). (2.34)

Next we consider the dependence of sin, (nm,t) on p.

Proposition 2.5. Suppose that 1 < p < g < oo. Then the function f defined by

sin;1 (1)

f) =

sin}j1 (1)

is strictly decreasing on (0,1).
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Proof. Let
(1—19)'/a

g(t):m(o<t<l).

Forall r € (0,1),

91 p—1 P _ 4
t t _ (P —1)g(r) 5 0.
-1 1—1¢P t(1—12)(1 —1¢P)

Put
G@t) = sin;I(t) —g() sin;I(t)

and observe that
G'(t) = —(sin; '1)g'(t) < 0in (0, 1).

q
Hence G(¢) < 01in (0, 1), so that

G(r) .
/
= 1).
FO= G —ma <0 (O .
From this we immediately have

Corollary 2.1. (i) If 1 < p < g <o, then

-1

sin,, (¢

1> ‘jl()zﬁin(o,l].
sin,, " (t) — T

(ii) If 1 < p < g < oo, then

1 1
sin, ! (1) > sin ' (r) and - sing ' (1) > — siny, " () in [0, 1.
q P

(iii) If 1 < p < g < oo, then
sin, (mpt) > sing(myt) in [0,1/2].
The following analogue of the classical Jordan inequality will also be useful.
Proposition 2.6. Let 1 < p < eo. Forall 0 € (0,1,/2],

i < sin, 0
T, ~

<1
Proof. Change of variable shows that

1
sin;lx :x/o (1—xPsP)~"VPgs,
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and so .
6 = (sin, e)/ (1 — (sin, 8)7s”)"V/7ds.

0

Since
1 3
1< / (1 —(sin, 0)Ps?) " /Pds < 7”
0

for all 6 € (0,7, /2], the result follows. O

Corollary 2.2. Forall p € (1,00) and allt € (0,1/2),
sin, (mpt) > 2¢.
Proof. By Proposition 2.6, sin, 6 > 26/, if 0 < 6 < m,/2. Now put 6 = myt. O

Given any function f on [0, 1], we extend it to a function fon R4 :=[0,) by
setting _ _
f(t)=—f(2k—1)fort € [k,k+1],keN. (2.35)

With this understanding, we define maps M,, : L;(0,1) — L,(0,1) (1 < g < e) by
Myg(t)=g(mt), me N, t € (0,1). (2.36)
Note that M,,e;, = epy,.

Lemma 2.1. Forallm € N and all g € (1,00) the map My, : L;(0,1) — L,(0,1) is
isometric and linear.

Proof. Letg € Ly(0,1). Then
/ Mg (t)|?dt =m™ / (s)7ds=m 12/ (s)|?ds
=m! 2/ |qu—/ lg(s)|? ds. 0

The maps M, are introduced because they help to construct a linear homeomor-
phism 7 of L,4(0, 1) onto itself that maps each e, to f, , : once this is done it will
follow from general considerations that the f;, , form a basis of L,(0, 1). The map T
is defined by

Tg(t)= Y Tublug(t). (2.37)

M

m=1

Lemma 2.2. Let p,q € (1,00). The map T is a bounded linear map of L,(0,1) to
itself with |T|| < 7, /2. Foralln € N, Te, = f,, .
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Proof. From (2.31), (2.34) and Lemma 2.1 we see that

=

4w
IT| < >, m =mp/2.

m=1

A second application of (2.31) shows that
Te,= Z Tm€mn = Zfl,p emn anp :fn,p- a
m=1 m=1

Lemma 2.3. There exists po € (1,2) such that if p > po, then for all g € (1,),
L,(0,1) — Ly(0,1) has a bounded inverse.
Proof. Since M is the identity map id, we have from (2.31) and Lemma 2.1 that
IT —mid| < Y, |12j11(p)|,
j=1

and so the invertibility of T will follow from Theorem II.1.2 of [123] if we can show
that

Z |T2j11(p)] < 7 (p)l- (2.38)

From (2.34) we have, for all p € (1,00),

. i /2
Y |mjp)] < % (% - 1) . (2.39)
=

To estimate |7y (p)|, note that by Corollary 2.2,

1/2 1/2
7(p)=4 / sin (myt)sin(me)dt > 4 | 2tsin(nt)dt = 8/ 77,
0 0

from which (2.38) follows if 2 < p < o since 7, < 7.
If 1 < p <2, then the monotonic dependence of sin,(m,¢) on p given by
Corollary 2.1 (iii) shows that

12
p) > 4/ sin®(7w1)dt = 1.
0

Now define pg by

Then if p > py,



48 2 Trigonometric Generalisations
2
412” )<,
U 8

We summarise these results in the following theorem.

and again we have (2.38).

Theorem 2.1. The map T is a homeomorphism of L,(0,1) onto itself for every
q € (1,00) if po < p < oo, where py is defined by the equation

Ty, = , (2.40)

Remark 2.1. Numerical solution of (2.40) shows that pg is approximately equal
to 1.05.

Theorem 2.2. Let p € (po,°) and q € (1,%0). Then the family (fu p)nen forms a
Schauder basis of L;(0, 1) and a Riesz basis of L,(0,1).

Proof. Since the e, form a basis of L;(0,1) and T is a linear homeomorphism of
L,(0,1) onto itself with Te, = f,,, (n € N), it follows from [73], p. 75 or [114],
Theorem 3.1, p. 20 that the f, , form a Schauder basis of L,(0,1). When g = 2 the
argument is similar and follows [67], Sect. VI.2. O

The condition p > po > 1 in this theorem arises from the techniques used in the
proof: a discussion of this is given in [20]. Whether the result remains true for all
p > 1 appears to be unknown at the moment.

Notes

Note 2.1. As the literature contains various different definitions of the sinj, and cos,
functions, confusion about the nature of such functions is possible. Our choice was
largely motivated by the wish to have available the identity ’sinpx’p + ‘cos px’p =1,
while other authors attached greater importance to different properties. Power series
expansions for his versions of sin,, cos;, and tan, are given by Linqvist [90]; see
also the detailed work in this direction on related functions by Peetre [104]. No
sensible addition formulae (e.g. for sin,(x+y)) seem to be known. Further details
of properties of p-trigonometric functions are given in [20].

Note 2.2. The only work on the basis properties of the sin, functions of which we
are aware is that of [9]. Our treatment gives the modification of their proof presented
in [20], which in particular seals a gap in the proof of Corollary 2.1(iii) given in [9].

Completeness properties of certain function sequences of the form {f(nx)},en
have been investigated by Bourgin ([16]; see also [17]) in an L, setting and by
Szasz [119] in the context of L,. However, these papers require properties, such as
orthogonality or specified behaviour of the Fourier coefficients of f, that are not
available when f = sin,,.



Chapter 3
The Laplacian and Some Natural Variants

Our focus in this chapter is largely on the p-Laplacian. The theory of Chap. 1 con-
cerning the representation of compact linear maps is used to establish the existence
of a countable family of certain types of weak solutions of the Dirichlet eigenvalue
problem for the p-Laplacian, with associated eigenvalues. When the underlying
space domain is a bounded interval in the real line more direct methods are available:
we give an account of the work of [39] which leads to the representation in terms of
p-trigonometric functions of the eigenfunctions of the one-dimensional p-Laplacian
under a variety of initial or boundary conditions.

3.1 The Laplacian

The trigonometric functions have natural connections with the Laplace operator. To
illustrate this, let Q be the open cube (—1,1)" in R”", let V be the set of all vertices of
0, put Q' = dQ\V and let d/dVv denote differentiation along the normal outwards
from Q at points of dQ’. Put

n

A= ZDz- (Dj =0/dx;) and D(A) = {f € C*(Q): f=00ndQ},

J
j=1
and let A : D(A) (C Lp(Q)) — Ly(Q) be defined by Af = —Af (f € D(A)); Ais a
symmetric operator acting in L,(Q). Denote by —Ap the closure of A with respect
to the graph norm; this is a self-adjoint map, the Friedrichs extension of A, and is
called the Dirichlet Laplacian on Q. Similarly, let

D(B)={fe€C(Q):df/dv=00n0dQ'},

define B : D(B) — L(Q) by Bf = —Af (f € D(B)) and let —Ay be the closure
of B. The self-adjoint map —Ay is called the Neumann Laplacian on Q.

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 49
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_3,
(© Springer-Verlag Berlin Heidelberg 2011
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The eigenvalues and eigenvectors of —Ap and —Ay may be computed explic-
itly. In fact, routine separation of variables arguments show that the (normalised)
eigenvectors of —Ap are the functions @ (o € N*), where

o) = [ [ 00 ()
=1

and

01(0) = cos(Imy/2), 1 odd,
PR sin(imyg/2), 1 even.

These functions form an orthonormal basis of L,(Q). The corresponding eigenval-

ues are
n

ho=(m/2)*Y o

J=1

For —Ay the (normalised) eigenvectors are the functions ¥, (o € Njj), where

Yo (x) = ﬁ‘l’aj (xj>
j=1

and
sin(Imy,/2), 1 odd,
i (vk) = < cos(Imyg/2), L even. [ # 0,
1/V2, 1=0.

The related eigenvalues are A, (o € Njj). For further details of this and allied
material we refer to [41], Chap. XI.

3.2 The p-Laplacian

We begin with the one-dimensional situation. Let a,b € R with a < b, putI = (a,b)
and let 1 < p < eo. As we have already seen in 1.2, the Sobolev space Wpl (1) is the
Banach space of all those (equivalence classes of) functions u in L, (/) that have
first-order distributional derivatives u’ belonging to L, (I), endowed with the norm

e G.1)

e W (D = (| 2, (D" + [l 1 2,(D]|)
ol
By W, (1) we shall mean the completion of Cg’(7), the space of all infinitely
differentiable functions with compact support in /, with respect to the norm

01 !
ul W,,(I)H = || | Lp(D)]|- (3.2)
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0
Evidently W},(I) is a closed subspace of Wp1 (I) and the norm defined by (3.2) is
equivalent to |- | W, () || on this subspace, in view of the Friedrichs inequality

0
|u| Lpy(D|| < (b—a)||u | Lp,(D)||, ue W ,(I). (3.3)

0
Each element of W ,1,(1 ) has a representative that is absolutely continuous on / and
vanishes at the endpoints a and b. For all these facts we refer to [41], Chap. V.

0
Now put X = W},(I) and consider the problem of minimising the Rayleigh

quotient
[l 12,0

R(u) := HM L, H 34)

over X\{0}. A standard way of dealing with this is as follows. The question amounts
to minimising

:/byv’(x)|"dx (3.5)

over X subject to the constraint

b
:/ V(x)[Pdx—1=0. (3.6)
a
To see that this minimum really exists, put
A =infE(v),

where the inf is taken over all v € X with F(v) = 1, and let (v,,) be a minimising
sequence:

b
[|vin | Lp(1)|| = 1,/ Vi, (x)|P dx = A + &, € — 0 as m — oo,
a

Then (v,,) is bounded in X and so there is a subsequence, again denoted by (v,,) for
convenience, that converges weakly in X, to u, say. Since X is compactly embedded
in L,(I), vy — win L,y(I) : Hu | Lp(I)H =1 and so u # 0. Moreover, since v,, — u
inX,

Jue | X|1” < Tim infllv | X} = A

Hence fab |/ (x)|” dx = A; and as u € X\{0} it cannot be constant. Thus A > 0 and
so the infimum is attained at u and is positive. The problem of minimising R(v), or
equivalently that of minimising E(v) subject to the constraint ' (v) = 0, can be anal-
ysed by use of the infinite-dimensional version of the Lagrange multiplier theorem
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(see [34], Theorem 26.1, p. 333). This enables us to conclude that there is a real
number u such that for all 4 € X,

b
0= (h,grad E(u) — u grad F(u))y :p/ {’u”pizu'h/— u |u|p_2uh}dx. 3.7

This means that u is a weak solution (an eigenfunction) of the nonlinear eigenvalue
problem

- (|u”p_2u/>/:;,L|u\”72u,u(at):u(b):O7 (3.8)

in which p is the corresponding eigenvalue. The choice # = u in (3.7) shows that

b b
[.L:u/ \u|pdx:/ ‘u"pdx:l

Hence the infimum A is an eigenvalue of (3.8). It is the least such eigenvalue: for if
v € X is an eigenfunction, with corresponding eigenvalue A;, then we may puth =v

in (3.7) and obtain
b b
M/ |v|pdx:/ |v'|” dx,
a a

so thatif w:=v/ Hv | Lp(I) ‘ , then Hw | Ly(D)]|=1 andllsz |w'|P dx. Thus A > 4.
In a corresponding way, given any p,q € (1,o0), the problem of minimising

[ TLp(D| /|| Lg(D)]]

over X\ {0} gives rise to the eigenvalue problem
nr=2 1\ q-2
- (’u | u) =Alu|? “u, u(a) =u(b) =0. (3.9)

However, as we now show, these results can be obtained more quickly by using

the theory developed in Sect. 1.3. We take X = V(I)/},(I ) as above and Y = L,(I), where
P,q € (1,00). The natural embedding id: X — Y is compact, for by [82], Remarks
5.8.4 (i), X is compactly embedded in C() and hence in Y. Evidently both X and ¥
are reflexive and strictly convex; clearly Y* is also strictly convex. Since ||- | X|| is
Gateaux-differentiable on X\ {0} it follows from Proposition 1.8 that X* is strictly
convex. With the maps JX and Jy defined as in Sect. 1.3, direct verification shows
that B
Jyu=|ull ;" ul*?u, e Y\{0}.

Moreover, in the sense of distributions, we have for all u € X,

/
un——Hu\XH A u, where Apu = (’u ’pizu’) )
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This follows since for all u € X,
(o= X070 ) = | X707 [Pl = ] X
1

Proposition 1.11 now gives the existence of a function u; € X , with |lu; | Y| =
|lid|| = A1, such that for all v € X,

<V7j;ul> = /’L[ <Vaj;(’/ll> )
Y X

which amounts to

so that u; is a weak solution of the Dirichlet eigenvalue problem (3.9). In fact,
since id is not of finite rank, Theorem 1.7 ensures that for each k € N, there are an
‘eigenvector’ iy and a corresponding ‘eigenvalue’ A, 7, with A, 7 — oo as k — oo,
that satisfy

— Apg = A P |ug [P g, wy =0 on 91, (3.10)

in the sense that for all v € X,
/v\uk|q_2ukdx:)tkq/v’~|u§{’p72u§€dx. (3.11)
I 1

We shall refer to u;, as a k-weak solution of (3.10): note that when k = 1, all functions
in X; = X are allowed as test functions, while for general £ > 1 the test functions
have to be taken from X; C X.

We also observe that problem (3.8) studied earlier in this section can be handled
by the methods of 1.3 on taking X = L,(a,b) and T to be the Hardy operator given
by (Tf)(x) = [ f(r)dt. We shall study such operators in detail in the next Chapter.

The techniques just used, arising from Sect. 1.3, work equally well for the higher-
dimensional p-Laplacian. Thus let  be a bounded open subset of R”, let 1 < p < oo

0
and take X to be W, (£2), the closure in W, (£2) of the set Ci(£2) of all infinitely
differentiable functions with compact support in £2; define the norm on X by

N 1/p
s = [, S 1olar)

Because of the Friedrichs inequality (see [41], Theorem V.3.22), this norm is equiv-
alent to the norm on X inherited from Wp1 (). LetY =L,(Q2), T =id: X —Y;idis
compact. As in the one-dimensional case it follows that both X and Y are reflexive
and strictly convex, with strictly convex duals, and that

Jyu= ||u||;(”71) P~ u, Jyu = — HuH)}(p*l)Apu (in the distributional sense),
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where ||- , is the usual norm on L, (£2) and now

Apu = iDj (|Dju|p_2Dju> .
j=1

Proposition 1.11 now shows that there exists u; € X, with ||u; ||y, = [/id|| = A;, such
that

<v,j}u1> :7Ll<v,.l~xu1> forallve X,

Y X

so that
/v\u1|1’72u1dx:/11p/ Z(Djv)|Dju1’p72Dju1dx.
Q Q=

Hence u; is a weak solution of the Dirichlet eigenvalue problem
—Apuy =A; 7 lur [P 2wy, uy =0 on 0Q.

Again Theorem 1.7, ensures the existence of a sequence (u;), where each uy is
a k-weak solution of this problem, using the same terminology as for the one-
dimensional case above, and a corresponding sequence (A, Py of eigenvalues with
lkfp — oo as k — oo. Results of this kind are known for the eigenvalues obtained
by the Lyusternik—Schnirelmann procedure (see, for example, [26] and [65], where
a slightly different form of the p-Laplacian is considered and where for each k the
eigenvector corresponding to the kth eigenvalue is a classical weak solution, not
merely a k-weak solution; see the Notes at the end of this Chapter), but the sim-
plicity of the present approach has its attractions. Moreover, information about the
growth of the A, P can be obtained with little additional effort. In fact, if we denote
by ¢ (S) and x;(S) the kth Gelfand and Weyl numbers respectively of a map S (see
Definition 5.4 below and also [41], pp. 72 and 77), and let [ : W}} (2) — L,(L2) be
the natural embedding, then from the definitions it follows that

Ak > cx(id) > e (I) > xi (I).

From [80], Theorem 3.c.5 and Remark 3.c.7 (1), we see that x; (1) > ck’l/”, where
¢ is a positive constant independent of k. Hence A; > ck~!/" and so the eigenvalues
A, 7 of the Dirichlet problem are 0(k?/").

0
If instead we suppose that 1 < p <n, g € (l, %) and take X = W;,(Q), Y =
L, (Q), T =id: X — Y, with Q as before, then as id is compact, the same procedure

establishes the existence of k-weak solutions v and corresponding eigenvalues L
(k € N) of the p,g-Laplacian Dirichlet eigenvalue problem

—Apy =7y, v=00n08Q.
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3.3 Eigenfunctions of the p-Laplacian, n =1

Here we present the arguments of [39] for dealing with eigenfunctions and eigen-
values of the nonlinear differential equation in (3.9) under a variety of initial or
boundary conditions For simplicity we shall write

() = 51" %5 (s € R\{0}), (0)() =0, (3.12)

whenever r € (1,00). With this notation, (3.9) may be written in the form

— () ()" = A(u) ) (3.13)

Note that

v = (u)(p) is equivalent to u = (v)( (3.14)

]7,)'

To begin with, we shall consider the initial-value problem

u)ig) =0,
u(ty) =a, u'(ty) =b, } (3.15)

where a,b and # are arbitrary real numbers and p,q € (1,°).

Theorem 3.1. Given any A >0, the problem (3.15) has a unique solutionu € C' (R)
for which (u')(, € C'(R).

Proof. First suppose that A = 0. Then (3.15) immediately gives

so that «/(¢) = b and the unique solution of the problem is
u(t)=>b(t—ty)+a,teR.

Now let A > 0. We may assume without loss of generality that fo = 0. The
problem (3.15) is equivalent to

(' ( :—A/ )ods+ (b)) = F(t,u), u(0) =a, (3.16)

and thus also to
u'(t) = (F(t,u))(p/), u(0) =a. 3.17)

We first prove the existence of a C! solution u of (3.17), with () € C!, in an
interval I5 = [0, 6] for some small 6 > 0. Define a map 7:C(I5) — C(Is) by

(ﬂMﬂ:K@@Wﬂ)ﬁ+a_Mﬂ (3.18)
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forv € C(Is) and t € Is. Then u € C'(I5) and
W' (t) = (F(t,v))(p), u(0) = a, u'(0) = b. (3.19)

For the moment, denote the norm on C(Ig) by ||-|| and put w(¢) = a+tb. Suppose
that ||v — w|| <A. Then

= wl < & |6l +8 (A8 (A+lal + 8 |bl) ) + | (8) |)(p,> <4

for small enough 6 > 0. Henceforth we suppose that such a choice of § has been
made. Denote by B the closed ball in C(I5) with centre w and radius A. Then it
follows that 7 (B) C B. A routine argument shows that 7 is continuous on B; and
given any bounded subset K of B, a standard use of the Arzela—Ascoli theorem
shows that T'(K) is a relatively compact subset of C(I ), so that T is compact. Hence
by Schauder’s fixed-point theorem, T has a fixed point, say u, in B : Tu = u. This
implies that

1
u(t) = [ (F(s,)) yds+a, 1 € I,
0
and so
u'(1) = (F(t,u))() inI5,
that is
(1)) = Flt) = =2 [ () s+ By,
which shows that .
(1)) = =Au(t) ) t €15,
and
u(0) =a, u'(0) =b.

The existence of a solution of (3.17) in any sufficiently small interval containing 0
follows by similar means.

Next, we prove that this local solution « is unique, and proceed by enumeration
of cases, dealing only with 7 > 0. Note that

- 1d
() (qyu’ = |ul* 2'ﬂ/:;[a(lulq)

and that
, 1d

W (W)ip) = gy (1)

Multiplication of the differential equation in (3.15) by «’ thus gives

N
dt < +a=- q =0,
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so that

'(1)|P e blP q
WO Ol P fal”

p q p q
This holds for all # in the domain of definition of u.

(3.20)

(i) Suppose that a = b = 0. Then by (3.20), u is identically zero.
(i) Assume that a = 0, b # 0 and suppose that u;,u, are two local solutions
corresponding to these values. Then

(50 = a0y = 2 [ {02l = (r(2)) g b

- /Ot " { (@) (9) B <u151) ) (9) } i

(3.21)

Since u(7)/T — b and uy(1)/T — b # 0 as T — 0, it follows that for small
enough ¢ > 0, both ) (¢) and u(r) lie in a small interval in which (.), and (.),
are C'. We thus see from the mean-value theorem that there exists K > 0 such
that for all small enough ¢ > 0,

!
|ud, (1) — ub(1)] gm/ 1 |10 (D),
0
Put w = u| — uy; then for some small € > 0,
Khgd™!
sup |w (1) < = sup |w(t)]. (3.22)
1€(0,€) g—1 1€(0,¢)

Since w(t) = [iw/(t)dt and w(0) = 0 we have

sup |w(r)| <& sup |w'(r)|.
t€(0,€) t€(0,€)

Together with (3.22) this gives

q
(1 _Kae > sup |w'(1)] <0,
q—1 1€(0,¢)

which is impossible, for small enough € > 0, unless u; = uy.
(iii) Suppose that a # 0 and b = 0. Putv = (') ,,), so that

u/ = (V)(p/). (323)
From the differential equation satisfied by u we see that v/ = —2(u),), which

gives
u=—(") A 7" (3.24)
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Equations (3.23) and (3.24) mean that v satisfies

(()g) + 2771 W0) ) =0

together with the conditions v(0) = 0,1/(0) = —A(a)(,) # 0. Hence case (iii)
is reduced to (ii).

(iv) Assume that a # 0 and b # 0. As in (iii) we reduce the differential equation to
the system

u/ = (V)(p/), V/ = */,L(u)(q) (325)

In this case u(0) # 0 and v(0) # 0, so that for small enough ¢ > 0, the right-hand
sides of (3.25) lie in an interval in which (.)(,s) and (.)(,) are of class C! and there-
fore Lipschitz. Classical uniqueness theorems (see, for example, [11], Theorem
6.3.1) now show that the solution is locally unique.

Local uniqueness is thus established in all possible cases. The boundedness of u
and ' that follows from (3.20) means that the above existence arguments may be
repeated arbitrarily often, with ¢ steps of constant length, so that we also have global
existence and uniqueness. O

Our next aim is to show that the solution of (3.15) can be expressed in terms
of the sin, 4 functions introduced earlier. To do this we first study the initial-value

problem
(') ) Au)g) =0
0] =0, (0" - a,} (320

where o > 0. Suppose that u is a solution of this problem and that the first positive
zero of u' is at f,. Then on (0,#,) we have u(r) > 0 and u'(r) > 0, so that by (3.20),

(1)
p/

q q 4
u? _ART_ o (3.27)
g a p

+A

where R = u(t,,). From this we obtain

1 1/ u
(. /”/’Lds: a ”Rl-q/p/ WR _ds
Ap 0 (R7—u(s)9)/r Ap 0 (1—s9)/p

1/p
(. 4 1—q/
_<EJ RV sing, o (u(t)/R). (3.28)

u(t) = Rsin, 4 { (

From (3.27) we have
1/q
4 /
R=|-— ol
<lﬂ) ’

It follows that

=¥

1/p
) R—P)/re (3.29)
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which gives

o .
u(t) = m sinp g {Apq(0t,A)t}, (3.30)
where y
/ q
Apglo, ) = (%) alt-r)a, (3.31)

We have thus found the unique solution « of the initial-value problem (3.26) in the
interval (0,7 ). However, in view of the periodicity properties of sin, , this function
u is actually the unique global solution of the problem, when a > 0; if ov < 0 we
merely have to replace o by || in Ap 4. These results are summarised in

Theorem 3.2. Given any o € R, the unique global solution of (3.26) is

u(t) = sinp g {Apq(laf, M)}, t€R. (3.32)

_*
Apqlal,A)

From this it is easy to give the solution of the initial-value problem (3.15). Since
the differential equation involved is autonomous, it is clear that the solution will be
of the form

[0 .
M(t) = mslnp’q {Ap’q(‘a‘ 71)([ —l()) + 5}, te R, (3.33)

where o and 6 are to be determined in terms of a and b. To do this, notice that

a
u(ty) =a= —————sin, ,(8), u'(ty) = b = 0 cos, 4(3). (3.34)
Apq(lal, 1) a i
Use of the identity
|sing 4 8|7+ |cos, 4 8]7 =1
shows that

(IalAp,q(ilal ,l))q+ <%>” _1,

/

A
la|? = 7’7 lal? + |b|". (3.35)

which gives

Together with (3.34) this enables us to find unique o € Rand 6 € [0, 7, ;).
Now that we have solved the initial-value problem, it is a simple matter to handle
various boundary-value problems. For the Dirichlet problem we have

Theorem 3.3. Given T > 0, all eigenvalues A of the Dirichlet problem

((u’bzég))):u?x)(q) = Oon (<)0 T), } (3.36)
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are of the form

nw, \4 |o|P 4
Ao = (%) | |p, 9 o cR\{0},neN, (3.37)
with corresponding eigenfunctions

oT
nTtp.q

, nm,
U, (1) = sing, 4 ( Yf”qt) . (3.38)

Proof. Given a € R\{0}, it follows from (3.32) that 4 is an eigenvalue of (3.36)
if and only if sin, 4 (A, 4(|a| ,A) T) =0 This means that A, 4(|ot| ,A)T = nm), , for
some n € N, from which (3.37) follows. The rest is clear. a

For the Neumann problem similar procedures give

Theorem 3.4. Given T > 0, all eigenvalues of the Neumann problem

((VQES))):V fE<Tv)><q> = Oon 80 r), } (3:39)

are of the form

q P—q
@) "9 e m\ {0} 0 e N, (3.40)

,un,Ol = ( T p/ ’

The eigenfunctions corresponding to the zero eigenvalue are the non-zero constants;
those corresponding to U, o with n > 0 are

ol . nmw T
Vna(t) = = sinp.q < Tp’q (t — Z)) . (3.41)
g

Finally, for the periodic case we have

Theorem 3.5. Given T > 0, all eigenvalues of the periodic problem

((w’><p>v)v/(g)u(w><q> -0 o ((2) T), } (3.42)

are given by (3.40). To the zero eigenvalue corresponds the non-zero constant
eigenvectors, while the eigenvectors corresponding to W, o with n > 0 are

ol . n,,
nalt) = ——sing o (R (1—1)). (343)

with arbitrary t, € R.
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Other combinations of boundary conditions can be handled by obvious adapta-
tions of these procedures.

3.4 Eigenfunctions of the p-Laplacian, n > 1

The one-dimensional analysis of the last section may be partially carried over to
higher dimensions when the underlying space domain is a box. To emphasis the
connection with Sect. 3.3 we write the form of the p-Laplacian that we consider as

n
APM = z Dj ((DJM)(P)) 5 where (V)(m = |v|p_2v and Dj = 8/8xj,
j=1
and the eigenvalue problem we shall study is of the form
n
A,,u = 71(14)([,) in Q= H (aj,bj),
j=1

with Dirichlet boundary conditions
u=0o0n0dQ.

However, for simplicity of presentation we shall deal with the following case of this
problem, in which n = 2, as it will illustrate the procedure sufficiently well.

Theorem 3.6. Let 1 < p < oo. The Dirichlet problem
2
z D/ ((Dju)(I’>) = _A’(M)(p) in Q = (O,Cl) X (Oab)a u=0on an (344)
j=1

has eigenvalues
mp ((j/a)” + (k/b)")p/p" (j,k €N)

and corresponding eigenfunctions that are multiples of
sin, (jmpx1/a)sing, (kmyxz/b).

Proof. We look for solutions of (3.44) of the form u(xy,x;) = uy(x1)uz(x2) and see
that u, up must satisfy the equation

D1 ((uaD1ur) (p)) + Da((u1Dauz) () + A(u1uz) () = 0,
so that

(2) () D1((Drur) () + (1) () D2 ((Dau2) () + A (1) () (2) () = 0.
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Division by (u1)(p)(u#2)(p) shows that

Dl((D1M1)<p>)+D2((Dzuz)<p>)

= —)~7
(1) (p) (2)(p)
from which it follows that for some constant p,
Dy ((Dyu1)(p)) Dy ((Dauz)(p))
(p) =—pu, () :_()’_“)
(u1) (p) (2) ()

The boundary condition u = 0 on JdQ requires that
u1(0) = uj(a) =up(0) = uy(b) = 0.
Hence the original Dirichlet problem decouples into the two problems
D ((Dyu1)(p)) + p(ur)(p) =00n (0,a), uy (0) = uy(a) =0 (3.45)
and
Da((Daua) () + (A — ) (u2) () = 0 on (0,b), uz(0) = uz(b) = 0. (3.46)

By Theorem 3.3, all solutions of (3.45) are of the form

o i
up(x)) = jFasinp (JTle) (a € R, j€N), corresponding to
P

a p’

and all solutions of (3.46) are of the form

b k
up(xy) = B sin, (ﬂx2> (B €R, jeN), corresponding to
km, b
A—pu— <k_”/’>p r
b )4

Thus A must be of the form

A=l ((j/a)+ (k/b)")p/P,

and the result follows. O

This theorem gives all the solutions of the Dirichlet eigenvalue problem that are
of product form. When p = 2, all solutions of this problem are of this form, but it is
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not known whether or not this is true when p # 2. The Neumann problem may be
handled in the same way.

Notes

Note 3.1. The literature on the p-Laplacian and operators that resemble it in some
sense is enormous. Here we mention only a few works, beyond those already cited,
that seem of particular relevance to our approach. Of special interest is the excellent
survey paper by Lindqvist [91]; see also the book [38]. In [10] a Sturm-Liouville
theory is developed for the one-dimensional p-Laplacian, following on from the
work of [57]; see also [103]. The series of papers by Bognar [12—14] is concerned
with the extension of properties known for the one-dimensional p-Laplacian to
higher dimensions. She uses the same form of the higher-dimensional p-Laplacian
as we do: this lends itself more easily to the separation of variables technique than

does the other standard form of the p-Laplacian given by div (\Vu\p -2 Vu) which,

however, has the advantage of invariance under rotations. However, the abstract the-
ory given in Sect. 1.3 can be applied to this other form of the p-Laplacian. All that

0
has to be done is to take X = W},(Q) as before, but this time give it the (equivalent)

norm
) 1/p
= VulPd ,
el = ( [ 197 ax)

12
where |Vu| = ( ?:1 |Dju|2) . This space X is a closed subspace of the space

L,,(lz)7 in the notation of Remark 1.1 (ii), and so is uniformly convex, by that
Remark. Moreover, the duality map on X corresponding to the gauge function
u(t) =tP~! can easily be verified to be

u— —div (|Vu|p*2 Vu) ,

and now the whole theory follows as before. In particular, we have the existence of
a sequence (uy) of k-weak eigenvectors of the problem

—div (\Vu\P_ZVu) = AP [P 2u, u=00n9dQ,

with a corresponding sequence (A, ) of eigenvalues such that A, © = 0(kP/™) as
k — oo. This upper estimate of the growth of the eigenvalues is exactly that obtained
for the Lyusternik—Schnirelmann eigenvalues in [64] and [66], where lower bounds
of the same order are also established. We emphasise that while the first eigenvalue
obtained by our method coincides with the first one found by the Lyusternik—
Schnirelmann procedure, it is not clear what connection (if any) there is between the
higher eigenvalues found by the two procedures, nor whether there are eigenvalues
not found by either method.

In [5] an interesting and geometrical approach is followed when studying a class
of elliptic operators, including the p-Laplacian, in arbitrary dimensions.






Chapter 4
Hardy Operators

The maps T we shall consider in this chapter act between Lebesgue spaces on an
interval (a,b), where b may be infinite, and are of the form

1) =) [ ulo) f0r,

u and v being prescribed functions. They are commonly called Hardy operators, or
operators of Hardy type, the operator originally studied by Hardy being that in which
a=0,b=-candv=u= 1. Necessary and sufficient conditions for the boundedness
or compactness of T are given. When u and v are both identically equal to 1 and b is
finite, the exact value of the norm of T is determined; it is shown that it is attained
at a function expressible in terms of generalised trigonometric functions.

4.1 Conditions for Boundedness and Compactness

Throughout this section we shall assume that —eo < a < b < o and p,q € [1,],
while u and v are given real-valued functions such that for all X € (a,b),

ucLy(aX), 4.1

and
veLy(X,b), 4.2)

where 1/p"=1~1/p. We denote by |-||, ; the usual norm on L,(I), often writing
simply ||Hp when I = (a,b). The map T of Hardy type that we shall study is given,
as above, by

TF(x) = v(x) / “u) f(0)dt, x€ (ab), 43)

and it is well known that the criteria for its boundedness as a map from L, (a,b) to
L,(a,b) are very different for the cases p < g and p > g. In the first of these cases
the basic result is the following.
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Theorem 4.1. Let 1 < p < g < oo and suppose that (4.1) and (4.2) hold. Then T is a
bounded linear map from L,(a,b) to Ly(a,b), withnorm ||T : L,(a,b) — Ly(a,b)|| =
1Tl if and only if

A= sup Ll o) Wl } <= 4.4)

a<X<b

If (4.4) holds, then
A< ||T] < 4A. (4.5)

Remark 4.1. A proof of this well known result is given in [42], Chap.2, where
some historical remarks are also provided. When 1 < p < g < e, Opic (see [102],
Comment 3.6, p. 27) has shown that the constant 4A on the right-hand side of (4.5)
may be replaced by

(1+a/P)(1+p'[q)! /74, (4.6)
which, when p = ¢ € (1,), gives the best possible constant p'/?(p')!/P’A. When

1 <p<g<ee,(ab)=(0,0)and u ¢ L, (0,), further improvement is given by
Manakov [95] and Read [111], who showed independently that instead of 4A one

may take )
I(q/r) g
\RTTTarGm) AT @0

Moreover, if either p = 1 and g € [1,o0], or ¢ = o< and p € (1,00|, it is known that
(see [97] and [102], Lemma 5.4)

IT|I=A. (4.8)

The first to deal with the case p > g was Maz’ya [97], who established the
following result.

Theorem 4.2. Let 1 <g< p<oo, 1/s=1/q—1/pand suppose that (4.1) and (4.2)
hold. Then T is a bounded linear map from Lp(a,b) to Ly(a,b) if and only if

Bi= {/b ((/b |v(t)|th) v (/ﬂx|u(t)|p,dt)l/ql>s lu(x)” dx}l/s <, (49)

in which case ) /
q""(p'q/s)"/ B <|IT|| < q"%(p')"/7B. (4.10)

Another version of this characterisation is given in [42], Theorem 2.2.4. To
explain this, let [a,b] = Uic s B;, where each B; = (a;,a;.1) is non-empty and the
index set .# may be finite or infinite; denote the family of all such decompositions
of [a,b] by €.
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Theorem 4.3. Let 1 <g<p<eo, 1/s=1/q—1/pand suppose that (4.1) and (4.2)
hold. Then T is a bounded linear map from L,(a,b) to Ly(a,b) if and only if

C:=S}Jgp||{ﬁi} | ()] <o, (4.11)

where {B;} is the sequence given by

Bi = llull y g,_, VIl 5,5 1 €7 (4.12)

corresponding to a decomposition {Bi}ic.s € € and I(.¥) is the usual sequence

space. If (4.11) holds, then
C<|T| <4cC. (4.13)

Turning now to characterisations of the compactness of 7, we see that there is
an even more remarkable difference between the cases p < g and p > ¢ than for
boundedness. For the first of these we have the following result, the proof of which
is given in [102], Theorems 7.3 and 75, and in [42], Theorem 2.3.1.

Theorem 4.4. Let 1 < p<g<eoorl < p<q=coandsupposethat(4.1) and (4.2)
hold; put

Ale,d) {||u||p/’(C’X> ||v||q7(X7d)},a§c<d <b. (4.14)

= sup
c<X<d
Then if T is a bounded linear map from L,(a,b) to Ly(a,b), T is compact if and

only if
lim A = lim A =0. 4.1
Jim (a,c) Jim. (d,b)=0 (4.15)
Remark 4.2. Tt will be seen that this result does not cover the case in which p =1
and g = o. There is a good reason for this, since T : L| (a,b) — Lo (a,b) (T #0) is
never compact. For this, see [45], Remark (b) after Theorem 4.

When p > g, the striking result given next, proved in [102], Theorem 7.5 (see also
[42], Theorem 2.3.4) asserts that boundedness of 7T is equivalent to compactness.

Theorem 4.5. Let 1 <g< p<eo, 1/s=1/q—1/pand suppose that (4.1) and (4.2)
hold. Then T is a compact map from Ly, (a,b) to Ly(a,b) if and only if it is bounded.

4.2 The Norm of the Hardy Operator

Throughout this section we suppose that a,b € R, with a < b, and that p,q €
[1,0]. We focus on the particular form of the Hardy operator given by the map
H.:Lp(a,b) — Ly(a,b), where

H.f(x) = /C‘xf(t)dt, ¢ € [a,b]. (4.16)
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Theorems 4.1 and 4.2 show that H. is bounded, and by a simple scaling argument
we have

|Ha : Lp(a,b) — Ly(a,b)|| = ||Hp : Ly(a,b) — Ly(a,b)||

1 1
=(b—a) 7t

Hy:Ly(0,1) — Ly(0,1)||.  (4.17)
For simplicity we write
Yog = |[Ho: Ly(0,1) — Ly (0,1)]]. (4.18)

We propose to calculate ¥, 4 and to determine, where possible, the extremal func-
tions, that is, functions f € L,(0,1)\{0} such that |Hof{|, = | f]| ,-

Lemma 4.1. Suppose that 1 < p < oo and 1 < q < oo. Then there exists a non-
negative function f € L,(0,1), with unit norm, such that |Hy : L,(0,1) — Ly(0,1)|
= ||Hof|| , and any extremal is a multiple of a non-negative extremal.

Proof. By Theorems 4.4 and 4.5, Hy is compact. The existence of an extremal
g € L,(0,1) with unit norm now follows from Proposition 1.10. Put f = |g| : since

X X
1711, = ligll, and /Og(t)dt < /0 F()dt for all x € (0,1), the function f is an

extremal. Then [|Hof1|, = [|Hogl|, . so that/ f)dt = ’/ g(r)dt
0 0

forallx € (0,1).

1 1

Thus / g(t)dt| = / |g(¢)| dt, which implies that for some 8 € R, g = ¢/ f (see,
0 0

for example, [72], Chap. II, Note 12.29). O

Note that it follows from this that ||Hp|| is the same for complex spaces as for
real ones.

Theorem 4.6. Let p,qg € (1,0) and let I be the interval (0,1). Then

1
-4

1 /
[Ho: Lp(1) = Ly(D)|| = (' +a) 7 (p)/4q" /7' /B(1/p' 1 /q).  (4.19)
The extremals are the non-zero multiples of cosp 4(7, 4x/2).

Proof. Let X = L,(I), Y = Ly(I) and note that X,Y,X* and Y* are all uniformly
convex. Let Jy, Jy be the duality maps on X, Y with gauge functions i (t) = t~!,
uy (t) = 197" respectively; thus Jx (f) = |f|? > f and Jy (g) = |g|7 > g forall f € X
and all g € Y. By Lemma 4.1 and Proposition 1.11, there is a non-negative extremal
function f € X, with unit norm, such that

HiJyHof = ||Hol|? Jx f- (4.20)
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X
Put F(x) = Hyf(x) = / f(t)dt, so that F' = f a.e. Then from (4.20) we have
0

1
/ FO\(1)dr = | Ho |l (F')"~ (x). 421
X
This implies that F € C(I) and that
FO () + [Ho||? (F'y*") (x) =0, x € 1, (4.22)

so that (F")P~! € C!(I). Now let g € L,,(I) and put G = Hyg : G' = g. While G(0) =0
no matter how g is chosen in L,(I), we may and shall choose g so that G(1) # 0.
Then from (4.20) we see that

<G7ij0f>Y = ||H0Hq<Gl3JXf>Xa

and hence

O:/OIG(Z)Fq_l(t)dt_HHOH(]‘/OIG/(Z)(F/)[;—](t)dt
:/()]G(t){Fqil(t)—‘rHHOHQ((F/)pil)/(I)}dt—||H()||qG(1)(F/)p71(1). (4.23)

In view of (4.22), we conclude that (1) = F'(1) =0.

Since

((F)7) = (Fy = F'Y = (F') =Y F'+ (F) ' F”
and
(F')P~1F" = ((F")) /p,
we have
(FEYP=F = ((F))/p'.

Use of this in (4.22) leads to an equation of p-Laplacian type, and we could proceed
from this point onwards by use of the results developed in Sect. 3.3. However, we

prefer to give a locally self-contained account and so multiply (4.22) by F’ and
integrate: with R = FC'/% and C = F4(1) we obtain

R (x) +q]|Hol|” "/~ ()" (x) /p' = 1. (4.24)
If R(y) = 1 for some y € (0, 1), then since R is monotonic increasing and R(1) = 1,

we must have R(t) = 1 and R'(1) =0 for all 1 € (y, 1). But then from (4.23), with the
further specialisation of g so that G is non-negative and zero in [0,y], we see that

/1 G(t)FI  (t)dt =0,
y
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which is impossible. Hence R cannot attain the value 1 at any point y < 1, which
implies that x = 1 is the first positive zero of R’ and hence of f. Thus on (0,1) we
have from (4.24),

Rl p' 1/17
<“WW”:<MHWOW*) = Say. (4.25)

By integration we obtain
R(x) =sin, 4(ax),
since R(0) =0 : thus
F(x) =C"4sin,, ,(ax)
and
f(x) =F'(x) = aCcos, ,(ax).

Hence a is the first positive zero of cos,, 4, so that a = 7, 4 /2.
Since || f]|, = 1, it follows from (2.23) that

1
ac'/4 (_q ) /P: 1,
P +q

1/p

cVa=Tra( 4 . (4.26)
2 \p'+q

To complete the proof, all that is necessary is to substitute the expressions for C and

Ty 4 given by (4.26) and (2.13) respectively in the formula for a provided by (4.25).

O

and so

We define the following constants:

-4 -1 /
(P +q) P A(p) gl /r
Yo = B 1 ) 27

and
Yo ="Yop= (P’)l/”pl/”/n’l sin(r/p)/2. (4.28)

Remark 4.3. The cases in which p,q € {1,0} are not covered by this theorem and
must be handled by different methods: see, for example, [8]. The conclusions are as
follows:

(i) p €[l,],g=o0:||Hp|| = 1;if p > 1, the extremals are all the non-zero con-
stants; if p = 1, any non-zero multiple of a non-zero positive measure is an
extremal.

(i) p = oo, g € [1,0) : |[Ho|| = (14 ¢q)~'/4; the extremals are all the non-zero
constants.
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(i) p € (1,0, g = 1: |[Ho|| = (1+ p')~"/¥'; the extremals are all the non-zero
multiples of (1 —x)'/(»=1),

(iv) p=1,q€[l,e):||Ho| = 1; the extremals are all the non-zero multiples of the
Dirac measure at the origin.

Notes

Note 4.1. The formula for ||Ho : L,(I) — Ly(I)|| provided in Theorem 4.6 was, as
far as we can tell, first given in 1940 by Erhard Schmidt [113] in an apparently little-
known paper. However, even earlier (in 1938, and unknown to Schmidt) V. Levin
[86] had given this formula for the case p = g. Unaware of either of these papers,
the formula was rediscovered much later, and independently, in [46] (for p = g),
[8] and [39]. The proof that we give is essentially that of [8]. We refer to [18] and
[116,117] for determination of the best constants for integral operators with positive
kernels.






Chapter 5
s-Numbers and Generalised Trigonometric
Functions

This chapter gives a review of the various s-numbers and n-widths, their properties
and relations; an important subclass of s-numbers, the strict s-numbers, is identi-
fied. Then we focus on the Hardy operator (with functions u and v both identically
equal to 1) and certain first-order Sobolev embeddings, and show that the gener-
alised trigonometric functions play an essential role in the derivation of estimates of
s-numbers of these maps. In particular, for the Hardy operator T : L,(I) — L,([),
where 1 < p < o, [ is a bounded interval in R and

150 = [ fa,

it is shown that all the strict s-numbers of T coincide and are given by an explicit
formula.

5.1 s-Numbers and n-Widths

Throughout this section X and Y will stand for Banach spaces, By for the closed unit
ball in X and Iy for the identity map of X to itself; B(X,Y) will denote the space
of all bounded linear maps of X to ¥, and we shall write B(X) instead of B(X,X).
Given a closed linear subspace M of X, the embedding map of M into X will be
denoted by J3, and the canonical map of X onto the quotient space X\M by QF,.
A subset A of X is said to be centrally symmetric if 0 € A and whenever x € A
also —x € A.

‘We now introduce various so-called n-widths that are important in approximation
theory.

Definition 5.1. Let A be a centrally symmetric subset of X and let n € N.
(i) The linear n-width of A with respect to X is defined to be

8(4,X) = infsup [x — Pu(x)
Pu xeA
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where the infimum is taken over all P, € B(X,Y) with rank n (that is,
dimP,(X) = n). If P9 € B(X,Y) has the properties that rank P> < n and

6,(A,X) = sup
x€A

‘fof(x)HX,

it is called an optimal linear operator for ,(A,X).

(i) The Kolmogorov n-width of A with respect to X is given by

du(A,X) =infsup inf [lx—y]ly,
Xn xeA YEX)

where the infimum is taken over all n-dimensional subspaces X,, of X. Any
subspace XX of X, with dimension at most n, for which

dy(A,X) = sup inf ||x Yl s

x€A YEX,

is said to be an optimal subspace for d:,(AJ( ).

(iii) The Gelfand n-width of A with respect to X is defined by

cn(A,X) =inf sup [[x|y,
n xeANL,

where the infimum is taken over all closed subspaces L, of X of codimension
at most n. Any subspace LY of X, with codimension at most 7, for which

en(AX) =sup{|x|y :x € ANLS},

is called an optimal subspace for ¢, (A,X).

(iv) The Bernstein n-width of A with respect to X is given by

ba(A,X) = supsup{A >0:X,;1 N(ABx) CA},

Xnt1

where the outer supremum is taken over all subspaces X+ of X with dimen-
sion n+1. Any subspace X5 .1 of X, with dimension n + 1, for which

XE N (b (A,X)BX> C A, is said to be an optimal subspace for b, (A, X).

The next lemmas provide some basic properties of these widths: the first lemma

needs no proof.

Lemma 5.1. Let A be a centrally symmetric subset of X, let n € N and let s, stand
Sor any of 8,(A,X), dn(A,X), ¢u(A,X) and b, (A,X). Then

sup ||a||X Z S"(A7X) Z Sn+l(A7X)a
acA
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and, if Z is a Banach space such thatA C Z C X,
Sﬂ(AaX) S Sn(A,Z).

Lemma 5.2. Let A be a centrally symmetric subset of X. Then A is relatively
compact if and only if A is bounded and d,(A,X) | 0 asn T eo.

Proof. First suppose that A is compact. Then for every € > 0 there is a finite -net
of A, that is, a set of points {x1,...,x,} such that for every x € A, min{|jx — x;|| : i =
1,...,n} < &. From the definition of aTn(A,X), considering X, := sp {xi,...,%},
we see that d,(A,X) < €; and since dy. (A, X) < dn(A,X), by the last Lemma, it
follows that d,(A,X) | 0.

For the reverse implication, suppose that A is bounded and Jn(A,X )1 0asn7 eo.
Since A is bounded, dg(A, X) := sup{ |Ix|lx : x €A} <eo. Let € > 0. Then there exists

N € Nsuchthatd,(A,X) < € if n > N, and hence there is an n-dimensional subspace
X, of X with the property that

sup inf [|x — <E.
sup inf [+

Thus to each x € A there is a y € X,, with ||x —y||y < €, so that ||y||y < do(A,X)+e.

Since {y € X,, : ||ylx < do(A,X)+ €} is a compact subset of X,,, it has an &-net,
which is plainly a 2¢&-net for A. The proof is complete. ad

When the set A is replaced in Definition 5.1 by the image of the unit ball of a
linear map 7' : X — Y, the n-widths of T are obtained.

Definition 5.2. Let7 : X — Y be linear and bounded; let n € N. The nth linear width
of T is

8.(T) = 8,(T (Bx),Y).

The nth Kolmogorov, Gelfand and Bernstein n-widths of T (d,(T),&,(T) and b, (T),
respectively) are defined in the obvious analogous manner.

More about n-widths can be found in [28] or [109].

Now we introduce s-numbers. Let s : T —— (s,(T')) be a rule that attaches to
every bounded linear operator acting between any pair of Banach spaces a sequence
of non-negative numbers that has the following properties:

SV ||T||=51(T) >s52(T) > ...0.

(S2) 5,(S+T) < s5,(S)+||T|| for S, T € B(X,Y) andn € N.

(S3) s5,(BTA) < ||B||sn(T)||A|| whenever A € B(Xy,X),T € B(X,Y),B€ B(Y,Yy)
and n € N.

(S4) s,(Id: 15 —15) =1 forneN.

(S5) s,(T) =0 when rank (T) < n.
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We shall call s,(T) (or s,(T : X —Y)) the nth s-number of 7.
When (S4) is replaced by

(S6)s,(Id : E — E) = 1 for every Banach space E withdim(E) > n,
we say that s,(7) is the nth s-number of T in the “strict” sense. Obviously (S6)
implies (S4), and so for a given operator 7 the class of s-numbers is larger than
that of “strict” s-numbers. More information about s-numbers, and those that are
“strict”, can be found in [105].
Now we introduce certain important s-numbers and give some relations between

them. First, moduli of injectivity and surjectivity are defined and their basic proper-
ties established.

Definition 5.3. Let T € B(X,Y). The modulus of injectivity of T is
J(T) == sup{p > 0: |[Tx]y > p [xlly forallx € X};
the modulus of surjectivity of T is
q(T):=sup{p >0:T(Bx) D pByr}.

Lemma 5.3. Let Z be a Banach space.

(i) If S,T € B(X,Y), then
JS+T) < jS)+ T and ¢(S+T) < q(S)+|T][.
(ii) If T € B(X,Z) and S € B(Z,Y), then
JST) < |IS|1J(T) and q(ST) < q(S) | T].
Moreover, if T is surjective, then
JST) < JS)ITI,
while if S is surjective, then
q(ST) < |IS]l4(T).
Proof. The assertions regarding j are obvious. For g we prove only (i). Suppose that

q(S+T)>|T| andlet0<e < q(S+T)—||T||.Putp =¢q(S+7T)—¢, takey € By
and define a sequence {x;} of elements of X by induction:

Sxi+Txr=(p =Ty, lbxillx < (e =IT1)/p,

Sxni1+ Txn1 = Txn, [[Xn41 ”X < ”Txn”Y /p (n€N).
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Clearly

||T||)"1 p— 7]
Xn S — ——— (neN).
[l ( o o ( )

Since ||T|| < p, it follows that there exists x € X such that x = Y 7x,. Moreover,
lIxllx <1andSx=(p—|T|)y: hence S(Bx) D (p — ||T]|)By. This guarantees the
following inequality and so concludes the proof:
q(8) Zp =Tl =q(S+T)—[IT| —e.
O

Definition 5.4. Let 7 € B(X,Y) and n € N. Then the nth approximation, iso-
morphism, Gelfand, Bernstein, Kolmogorov, Mityagin, Weyl, Chang and Hilbert
numbers of T are defined by
an(T) = inf{||T —F|| : F € B(X,Y), rank (T) < n};
in(T) = sup { Al 1B}
where the supremum is taken over all possible Banach spaces G with dim (G) > n
and maps A € B(Y,G), B € B(G,X) such that AT B is the identity on G;
cen(T) = inf{HTJA)f,H :codim(M) <n};
ba(T) =sup {j (TJ3y) : dim(M) > n};
do(T) = inf {||QXT|| : dim(N) <n};
mu(T) =sup{q (OXT) : codim(N) > n};
3a(T) = sup{an(TA) : JIA: b — X[ < 1};
yn(T) = sup{an(BT) : ||[B:Y — bl < 1};
ho(T) = sup{a,(BTA): |A: [, — X||,|B:Y — b <1},

respectively. Note that the validity of the definition of i,(T) follows from [105],
Lemma 1.1.

The reason for introducing these numbers is given in the next lemma.

Lemma 5.4. The approximation, isomorphism, Gelfand, Bernstein, Kolmogorov,
Mityagin, Weyl, Chang and Hilbert numbers are s-numbers; the first six of these
are strict s-numbers.

Proof. For the approximation numbers we prove only (S6). Suppose there is a
Banach space E, with dim(E) > n, such that a,(Id : E — E) < 1. Then there exists
A € B(E) withrank (A) <nand ||[Id —Al| < 1. Since A = Id — (Id — A) is invertible
in B(E) (via the Neumann series), we have rank (A) > n : contradiction. Thus (S6)
holds.

All the claimed properties of the isomorphism numbers are clear apart from (S2).
Suppose that i,(S+T) > ||T|| and let € € (0,i,(S+T) — ||T||) . Then there exist a
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Banach space G, with dim(G) > n, and maps A € B(G,X),B € B(Y,G) such that
I =B(S+T)Aand |B|| " |A] "' > in(S+T)—& > ||T|. Hence ||BTA|| < 1 and
so the operator

BSA = B(S+T)A— BTA = I — BTA
is invertible. Since
I = (I — BTA) ' BSA and H(IG — BTA)"! H < (1—||BTA|)"",
we obtain

—1
. —1 -1 -1 -1
in(S) = (I — BTA) ' B|| " AlI"" = (1~ IBTAI) 1] 1A

-1 —1 .
> B AN = 1T) 2 in(S+T) — e = 17|
Thus
in(S+T) <in(S)+||T] +&.

That (S2) now follows is clear.

The proof of the assertion regarding Gelfand numbers is routine and so is omit-
ted. For the Bernstein numbers we prove only (S3). Suppose that € € (0,b,(BTA)).
Then there is a subspace My of Xy, with dim(Mp) > n, for which b,(BTA) — e <

j (BTAJA);%) . Denote by Ay the restriction of A to My, viewed as a map to M :=
A(Mp). Then
X
BTAJ, = BT JyyAo and ||Ao|| < [|A].

By Lemma 5.3 (ii) it follows that
0 < by(BTA) — & < j (BT JjAo) < ||BT 3| j(Ao),

which implies that j(Agp) > 0. Hence Ay is injective, so that dim(M) > n. Since Ay
is surjective, Lemma 5.3 (ii) gives

bu(BTA) — & < j (BTTSA0) < |IBI J(T5) Aol < 1B ba(T) 1Al
which establishes (S3).
For Mityagin numbers we only show (S2). Set € > 0 : then there exists a subspace
N of Y with codim(N) > n such that
q(ON(S+T)) > my(S+T)—e.

Using Lemma 5.3 (i) we have

ma(S+T) < q(ONY (S+T)) +& < g(Q%S) + | Q%(T)|| + ¢
< mn(S) + HTH +Ee.
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We omit proofs of the assertions regarding the remaining numbers as they are
either obvious or similar to the proofs given for the other numbers. a

Lemma 5.5. The approximation numbers are the largest s-numbers.

Proof. Letn € N, suppose that T,A € B(X,Y), withrank (A) < n, and let s, be some
s-number. Then
sn(T) < s(A) + T - Al = [IT - All,

which means that s,(T) < a,(T). O

We next introduce two kinds of space that prove to have interesting properties in
connection with s-numbers.

Definition 5.5. A Banach space Y is said to have the extension property if, for every
map Sy that maps a subspace of an arbitrary Banach space X into Y, there is a map
S € B(X,Y) such that ||S]| = ||So|| and Sox = SJ3x for every x € M.

Definition 5.6. A Banach space X has the lifting property if, for every Sp €
B(X,Y/N), where N is any closed linear subspace of an arbitrary Banach space Y,
and any € > 0, there is a map S € B(X,Y) such that ||S|| < (14 €)||So|| and
Sox = Q,{,Sx for all x € X.

The significance of these properties becomes clear as a result of the next two
theorems.

Theorem 5.1. IfY has the extension property, then foralln € Nand all S € B(X,Y),
cn(S) = an(S).

Proof. LetS € B(X,Y). Since the approximation numbers are the largest s-numbers,
it is enough to show that a,(S) < ¢,(S). Let € > 0. There is a subspace M of X,
with codim (M) < n, such that ||SJ3|| < ¢,(S)+ €. As Y has the extension property,
there is an extension T € B(X,Y) of SJ§; with ||T| = HSJ,{;H .PutA=S-—T:then
rank (A) < n and Ax = 0 for every x € M. Hence

an(S) < |S—All = Tl = [|STil| < en(5) +e.
O

Theorem 5.2. If X has the lifting property, then for alln € N and all S € B(X,Y),
dn(S) = an(S).

Proof. LetS € B(X,Y). We simply have to show that a,(S) < d,(S). Let € > 0 and
let N be a subspace of ¥ such that dim(N) < n and ||Q}S|| < d,(S) + €. Then there
is a (lifting) map T € B(X,Y) for which || T|| < (1+¢) ||Q%S|| and Q%Sx = O} Tx
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for every x € X. Define A= S —T. Then Ax € N for all x € X : rank (A) < n. Hence
an(S) < S Al =[IT|| < (1+&) (d(S) +€),
from which the result follows. a

Lemma 5.6. The isomorphism numbers are the smallest strict s-numbers and the
Hilbert numbers are the smallest s-numbers.

Proof. Let T € B(X,Y), B € B(G,X), A € B(Y,G) be such that I; = ATB and
dim(G) > n; let s, be some strict s-number. Then

1= su(lg) < [|Allsa(T) [|BI],

from which we have i,(T) < s,,(T). The proof for the Hilbert numbers is a natural
variation of this argument. ad

Now the notions of injective and surjective s-numbers are introduced.

Definition 5.7. Let s, be an s-number. Then

(i) sy is said to be injective if, for every subspace N of Y and every S € B(X,N),
sn (JNS) = 5u(S);

(ii) s, is called surjective if, for every quotient space X\M of X and every S €
B(X\M,Y),

sn (SQhy) = su(S).

Lemma 5.7. The Gelfand numbers are the largest injective s-numbers; the Bern-
stein numbers are the smallest injective strict s-numbers.

Proof. 1t is clear that the Gelfand number are injective. Note that every Banach
space Y is a subspace of a Banach space Y= which has the extension property (see
[106], C.3.3). Let S € B(X,Y); then ¢,(S) = ¢, (J5°S), where J; is the embedding
from Y to Y. Together with Theorem 5.1 this gives

en(S) = an (J5S). (5.1)

Now let s, be an injective s-number. Then s,(S) = s, (J;°S) < a, (J7'S), the
inequality following from Lemma 5.5. In view of (5.1), this concludes the proof
for the Gelfand numbers.

To handle the Bernstein numbers, let T € B(X,Y), s, be an injective strict
s-number, and M be a subspace of X with dim (M) > n; suppose j (T],{;) > 0. Put
My = T (M) and denote by Tp the restriction of T to M, viewed as a map from
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M to My. Then Ty is invertible and

-1

1751 = J (T3)
Hence
1= 5, (Iv) < 52(T0) | Ty || = 50 (agy To) || 5|
< su(TR) | Ty || < 5T (TT) "
Hence j (TJ3;) < su(T), and 50 b,(T) < 5,(T). ]

Lemma 5.8. The Kolmogorov numbers are the largest surjective s-numbers; the
Mityagin numbers are the smallest surjective numbers.

Proof. That the Kolmogorov numbers and the Mityagin numbers are surjective is
plain. Every Banach space X can be identified with a quotient space of some Banach
space X! with the lifting property (see [106], C.3.7). Let Q}l{ be the canonical map
from X' onto X and let S € B(X,Y). Then

dn(S) = du(SQx) = an(SQx).

Let s, be any surjective s-number. Then since the approximation numbers are the
largest s-numbers,

5n(S) = 5u(SQx) < an(SQx) = dn(S).

The proof that the Mityagin numbers are the smallest surjective numbers is a
simple modification of the proof that the Bernstein numbers are the smallest injec-
tive strict s-numbers given in the proof of Lemma 5.7. a

In the next theorem we give connections between the s-numbers of a map T and
those of its dual 7". Proofs of the assertions concerning approximation numbers are
given in [74] and [55]; for the other claims see [105] and [107].

Theorem 5.3. Let T € B(X,Y) and n € N. Then

an(T/) <ay(T) < 5a,,(T’)7

yu(T) = xu(T") and x,(T) = yu(T"),
ha(T) = ha(T") and in(T) < in(T").

If, in addition, T is compact, then

an(T) = an(T") and d,(T) = c,(T").



82 5 s-Numbers and Generalised Trigonometric Functions
Combination of the above lemmas and theorems gives

Theorem 5.4. Let T € B(X,Y) andn € N. Then

an(T) > cn(T) > bu(T) > in(T) > h(T)

and
an(T) > dy(T) > iy(T) > hy(T).

Two further inequalities follow.

Theorem 5.5. Let T € B(X,Y) and n € N. Then
dn(T) = bu(T).
Proof. From the definition of the Kolmogorov and Bernstein numbers,
do(T) =inf {||ONT || : dim (N) <n}, by(T) =sup{j (TJ3) : dim(M) > n},

it follows that it is enough to show that ||QXT|| > j(TJ};). Suppose that
Jj(TJ3%) > 0. Then dim(T (M)) > n and there exists x € M such that || QX Tx||, =
ITx||y = 1. Since ||Tx||, = j(TJ3)|Ixllx and [|OXTx||, < |[QKT||lIx[ly, the
inequality follows. g

Theorem 5.6. Let T € B(X,Y) and n € N. Then

en(T) > m(T).

Proof. From Theorems 5.3 and 5.5 we have

en(T) = dp(T") > bu(T") = my(T).

O
Finally, we summarise some of the information given above concerning the
various s-numbers.

Theorem 5.7. Let T € B(X,Y). All the numbers listed in Definition 5.4 are s-
numbers; an(T),in(T),cn(T),dy(T) and b,(T) are strict s-numbers. The following
inequalities hold for every n € N :

an(T) > max (¢, (T),dn(T)) > min (c,(T),d,(T))
= min (bu(T),mn(T)) = in(T),

and
an(T) = max (x,(T),ya(T)) = min (xu(T),yn(T)) = hn(T).
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The approximation numbers are the largest s-numbers, the Hilbert numbers
are the smallest s-numbers and the isomorphism numbers are the smallest strict
s-numbers.

Remark 5.1. Note the difference between the Gelfand, Bernstein and Kolmogorov
numbers of Definition 5.4 and the corresponding n-widths given by Definition 5.2.
For example, d,(T) = d,,—1(T). We refer to [109], Chap. 2 and [107], 6.2.6 for fur-
ther details and comments. These books are also excellent sources of information
about the properties of s-numbers.

5.2 The s-Numbers of Hardy Operators

Let —o <a<b <o, putl =(a,b),let p,q € (1,o0) and consider the Hardy integral
operator T, defined, for each ¢ € [a,b] by

7o) = | " f(0yar, (52)

and regarded as a map from L, (I) to L,(I). It is well known that 7. is compact. In
this section we study the s-numbers of 7, : we show that when p = ¢, all its strict
s-numbers are equal and with the help of generalised trigonometric functions obtain
exact values for these numbers.

The quantity Ag next defined turns out to play a key rdle in the approximation
of T,.

Definition 5.8. LetJ := (c¢,d) C I. We define

[ Jou(t)dt — o]
Ao(J)= sup inf —5 .t
[lull, >0 *€R [[ul

pJ

Plainly

ny'u(t)dtH
Ao(J)= sup inf ————27
llul], ;>0 c=y=d ||M||p,1

The following lemmas give some basic properties of Ag.

Lemma 5.9. Let {I,} be a decreasing sequence of subintervals of I with |I,| — 0 as
n — oo. Then {Ag(I,) } is a decreasing sequence bounded above by Ay(I) and with
limit 0.
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Proof. Let n € N and suppose that any u € L,(I,+1) is extended by 0 outside 7.
Then

I Jeu@)dt — e,

AP (Ii1)=  sup  inf

Iz
HMHP'IH+1>0 ok Hl/l P71n+l
u(t)dt —al|?
C oy g Mewod—al,
lllpg,., >0 %R ull}1,
u(t)dt — o
<o g MEOUCl,
il g, >0 <R el
Moreover, for any interval J C I,
Ao(J) < sup /u(t)dt
llull , =1 117¢ P
I/p
sup | (flutora) | <o
lJull, ;=1 J o
Hence A (I,) — 0 as n — oo. 0

Lemma 5.10. Let (x,y) C I. Then Ao((x,y)) is a continuous function of x and y.

Proof. For simplicity we shall write Ag(x,y) instead of Ay((x,y)); we also adopt the
same understanding about the extension of functions as in the last proof. Suppose
that there are x,y € I and € > 0 such that Ag(x,y + h,)— Ao(x,y) > € for some
sequence {h,} with 0 < h,, | 0 as n | . Then there exists & > 0 such that AJ(x,y+
h,)— AP (x,y) > g for all n € N. For economy of expression write

I fu(s)ds— ey ()

Ly, =

; P
ek ”u”p.,(xz)
Then for all 2 > 0 we have
Ab(x,y+h)— AB(x,y) = sup  Lypyin— sup Iy,
“““1}.(x,y+h)>0 H“”p.(x?y)>0

< oswp {hngen—Lyent
Hqu.(x,yﬁ»h) >

wy NSl
Hqu‘(x‘erh)>0 || || J(x,y+h)

<oy + P = w7,
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and we have a contradiction. Hence Ag(x,y+h) — Ag(x,y) as & — 0. In the same
way it can be shown that Ag(x+ &, y) — Ag(x,y) as h — 0. O

Lemma 5.11. Let J = (c,d) C I. Then there is a function f € L,(J) and a point
§ € [c,d)] such that

s F@delly,y e fde—all,
A1, acR A0

Ao(J) =

Proof. There is a sequence {f,} of functions in L,(J), with [|fu||, ; = 1 for each
n € N, and a sequence of numbers {s,} from [c,d] such that
+1/n= inf
o

/S’;fn(t)dt y nf /C.fn(t)dtf(x

Since T, : L, (J) — L,(J) is compact, there is a subsequence of { f, }, again denoted
by {f.} for convenience, which converges weakly in L,(J), to f, say. As T :
L,(J) — L,(J) is compact, T, also acts compactly from L,(J)\sp{1}, the quotient
space modulo constants, to itself, where ||h||L (\spi1} -= infaer [|h — ]|, ;; more-
over, T. fy = T..f in L,(J)\sp{1}. Using the facts that 1, <liminf || £,|, ; and
HTCf”Lp(J)\sp{l} :AO(J), we conclude that || ]|, ; = 1. Because

+1/n> Ao(J).
pJ

1 f@)dt]],,

F="=m

depends continuously on u, there exists s € [c,d] such that

s F@dtlly,y o W Fr],

1
c<u<d

= Ao(J).

Thus f has all the properties required in the theorem. a

Lemma 5.12. Let J = (c,d) C I and suppose that f and s are as in the last lemma.
Then f may be chosen so that s = (c+d) /2, f(c+) = f(d—) =0 and f is odd about
(c+d)/2.

Proof. Setu(x) = [ f(t)dt, us(x) = max{u(x),0} and u_(x) = min{u(x),0}; then
sl g = [lu— ||pj,u—u+ u_and |[{x: u(x)=0}/=0. ForanthW;(J),hzO,
we have |||, ; ] (h*) H o) , where A is the non-increasing rearrangement of
h (see, for example [42], Chap 3). Define r = |[{x: u(x) > 0} NJ| and

wi(x—c) if c<x<c+r,
g(x) = . :
—u*(d—x)ifc+r<x<d.
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Then
eyl lpown I 0w el + el
e N1 o + NS 0 NI 0 1@ 0,10
u u
z ||u+/||£|,|1 ﬂp{fum - H::J =40
Hence
[ =0

and [|g+[|,; = [lg-Il, . Moreover, g is monotone and g(c +r) = 0, where ¢ <
c+r<d.

Now we show that g((c +d)/2) = 0; that is, r = (c +d)/2. Put J; = (c,c +7)
and J, = (¢ +r,d). Then

lgll7, + HngJ2
Ig'll5.,

— AL, (53)

sz
Since Ag(J) = |J]|Ap((0,1)), we see that

lgllp.,

< AG((0, 1)) [P 2",
1g'll5.,

For if not, then we can define a function & by

h(x) = g(x), X € (c,c+r),
—g(—x+2(r+c)), x € (c+rc+2r),
so that
H Hl’ (c,c+2r) p
lnf ||h a” LL+2r || || ¢¢+2r and || /Hp AO((CvC+2r))7
(c,c42r)

in contradiction to the definition of Ay. Similarly we have

lsllp, _

18’ ||p12

< AG((0,1)) |27 2".

Next, observe that (5.3) holds if and only if

Iglps _ Ngllp,
18" €115

=Ao(J)
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(remember that [[g||, ; = [|gll,,,). Hence |Ji| = |12[, so that ¢ +r = (c +d)/2;
moreover, we may suppose that g is odd with respect to (¢ +d)/2, that is, g(x) =
—g(—x+c+d). Thuss= (c+d)/2.

We now show that g’(c) = g’(d) = 0. Note that g(c) = —g(d) > 0. Suppose that

g'(c¢) = —g/(d) < 0. Then there are a number z < 0 and a sequence of numbers
{xn};7_, such that x, > ¢,x, — c and
8le)—glx) _ g
€ —Xp

so that [7"g'(t)dt < (x, —c)z. A similar procedure can be carried out in the
nelghbourhood of d. Then

2l (e =) </jn |8'(1)]dr < (/LX \g’(t)|”dt> . (0 — )7

g d d

S 181"+ [, lsl” G =) 1g()” + [, lsl”
n d - d '

Je gl + L5 11 =) lel” + [, 1817

Since Ag(J) > 0 and |z| > 0, plainly

and

AG) =

[8()” < [2l"AG() + [g(e)l”

and there exists n; € N such that for all n > n;,

I 1glP

funlg'I”

(1) ([ 1e1) + a=otetcrr ([ 1er)

(L) (1) + et ([1er)
+eu=alste) -zt =0l 161
2

+ 1217 [g(e) = z(xn — ) |” (xn —

It follows that for all n > ny,

(n =) [g(O)" < (=) [zl 5

+ (=) lglc) —z(xa—)|".

Thus

is less than

.&muvrwmmv<mmuvrﬂ@mw
d d ’
(121'17) + (5a = <) 2l? (121g7)
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This means that for I, := Xy, )& + X(c.x,)&(Xn) We have

S )
A0 <7

C n

forall n > ny.

In view of the antisymmetry of g we define a function

r,,(x) = X(c,d-&-c—xn)g(x) + X(d-ﬁ—c—xmd)g(d +c— xn)’

and have d

fc |r"|p
77

Finally we define ()C) = X(x,,,dJrcfx,,)g(x) + X(dJrcfx,,,d)g(d +c— x’l) + X(c,x,l)g<x")'

Then for large enough n,

Ab()) < foralln > n;.

k=l
Ao(J) < inf P
ok |,

As this contradicts the definition of Ag(J) it follows that g'(c) = g'(d) =0. O

Theorem 5.8. Let J = (c,d) CI. Then

J
" :’VP|J|7

e [t B [icayouterae —a
||u||p,J acR ”"‘Hp,]

where

u(x) = cos, (_ﬂp(x—d(it d>/2)> and v, = (p')"/?p!/?' " sin(m/p) /2.

Proof. From Lemma 5.12 it follows that the function f of that lemma is odd with
respect to (¢ 4+ d)/2 and has a derivative vanishing at ¢ and d; moreover, it is an
extremal for

/s 8@)dtll, (s a 1y 8@0)drll, (s
up — = TpEd) 5ot T ples)
F T Ml e Tl
The result is now a consequence of Theorem 4.6. 0O

We also have from Theorem 4.6
Remark 5.2. The function ¢ defined by ¢ (x) = sin), (7,52 ) satisfies
loll,.,

T = Wl
97l "

where 7, is as in Theorem 5.8.
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Three different partitions of [a,b] will be useful in what follows. These are
J(n) :={Jo,J1,...,Jn}, where

b—al 2i—1)(b—a) 2i+1)(b—a)
2n+1}7J’_[" w1 YT T e 54

Jo= [a,a—&—
fori=1,...,n;S(n):={S1,...,S,}, where

;= [a—i— (i-Db-a) a+i<b_“>] fori=1,....n, (5.5)

)
n n

and I(n) :={ly,...,I,}, where

b— b—
b= laat+—2 5,=|p—2"2 b, (5.6)
2n 2n

(b_“)(zi— 1),a+—(b2_a) (2i+1)} ,

2n n

I, = [a—i—

fori=1,...,n—1.
We first determine the approximation numbers (or linear widths) of the Hardy
operator.

Lemma 5.13. Foralln €N,

_ ay
n+1/2

an+1(Ta)

where v, is as in Theorem 5.8. Moreover, the bounded linear operators Pr, where

n

e =3 ([ 700an) o)+ o0, 67

i=1

the J; are given by (5.4) and s; is the mid-point of J;, are optimal n-dimensional
linear approximations of T,.

Proof. For simplicity we shall write T instead of T,. Note that rank (Pr) = n. Put
Ji= [ai,bi]; then |[a,-,s,<]| = HS,‘,b,‘H =(b—a)/2n+1)fori=1,...,n. LethL,,(I).
By Theorem 4.6,

b—a
171522 (55 ) 900
b—a
ITSC) =T (i)l parsy) <2 il Yo AN p cassi)
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and

ITf()=Tf(si)

fori=1,...,n. Hence

b
o <2 (s ) 0l

ITf— PTf||[)7[_2||f (Prf)(si ||p,]

= g (T 7C) =TS iy +ITICO =TS )

+HIT A5,

(355w} {lil(nfn;(%w|f||§,<s,_b )+||f||,,,0}
(25w} 11

aner(T) < swp (I77=Prflp/ Ws) <7

feLy(

IA

N

Thus (b —a)
nt1/2"

To obtain an estimate for a,+(7T) from below we again use the partition J(n)
and take y € (0,1). From Theorems 5.8 and 4.6 we see that there are functions ¢,
non-zero only on J;, such that

Toi—c|, ;.
infwzyyp\ﬂ fori=i,...,n,
ceR ||¢z i

17 9ol

PN S oy, ol

D90l

LetP:L,(I) — L,(I) be bounded and linear, with rank n. Then there are constants
., An, not all zero, such that for g = X' ; A;¢; we have P,g = 0. Hence

n . aj p
=Sl = [ 2om] 43 /_zi¢l-+/tl :
/M% +2 1nf //la),

po  i=1 pJi
yaray VY 1|
Z<n+1/2> ol ol + Z( +1/2) Al N9l

- () e,
n+1/2 A

Thus a,41(T) > (b —a)/(n+1/2). The lemma follows. O

ITg = Puglly = 178l
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Theorem 5.9. Let T, : L,(I) — L,(I) be the Hardy operator given by (5.2) and let
Sy stand for any strict s-number. Then for all n € N,

~ Yol
$ulla) = nf|1/|2’

(5.8)

where 7y, is as in Theorem 5.8.

Proof. Let n € N. By Lemma 5.5, it is enough to show that a,(Tp) < i,(7p) on
I=(0,1). We use the partition /(n) given by (5.6). In this case this means that for
eachi€ {1,2,...,n} we have [; = [a;_1,a;], where ap = 0,... and a, = 1. Note that
when i <n, |l;| =2|I,|. By [}, we denote a sequence space with the norm

1/p
n—1
el = {2 2led? + |cn|"} :

i=1

Maps A : 1, — Ly(0,1) and B: L,(0,1) — [}, are defined by

n

A({eiiny) = X (=1 ey (x) cosp ((n—1/2)mpx)

i=1

and
Bg(x) = { (n— 1/2)7‘Epfll_(—1)i+1g(x)(sinp [(n— 1/2)7Tpx])(p)dx}n
Ising ((n=1/2)m)[7, -
Since
T (et (x) osp ((n = 1/2)mp2)) = = Smfn((_" f/ifi,?”"’“) (%),
we have

1) e;sing, (n—1/2)myx)
( {cl}t 1 ; (n _pl/z)n.p %Ii(x>'

Thus using the definition of B we obtain

an ‘Slnl’ n—l/Z)ﬂpt)’ ' an
B(T(A({Cl i= { ‘/Il ||smp n_ 1/2 npx H {Cl}izla

which means that BTA is the identity on [}, ,,.
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Moreover, {||B: L ( ) — l”WH/ —1/2)7,}" equals the supremum, over all
g € Lp(0,1) with |[g]],, < 1, of
2"§ (=171 g(x) (siny [(n— 1/2)mpa]) |
~ [sin, ((n—1/2)m)[7,
P

S (=1 1g(x) (siny [(n — 1/2) ) dx
||sin, ((n—1/2)m,x)| l’jl

Note that the supremum is attained only when
n
ZC,XI x)sin, (n—1/2)mpx) .
Hence ||B: L,(0,1) — I || /(n—1/2)7, equals

- @z fei” +Jenl)
{ciyely,, ||2?:ICIX11'( )Slnp((n_ 1/2 nlfx)||p7(071)

(@38 lei” +lenl)
= supn » 1/p
It {52, ety () sing (0 1/2)p0)]
237 eil? + Jeal? v
= su (Zz=llc|+|c‘)

et (252! el + leal”) 7 { i, siny (= 1/2)m0) | )7
1

N {J;, |siny ((n— 1/2)mx)| dx}'?

and [|A: 1, — L,(0,1)|| equals

P 1/p
sup { }
{eitlm , <1

n 1/p
—  sup {lz;|c,-|p/li|cosp((n1/2)7rpx)|pdx}

II{eitl , <1

ZC,XL x)cos, ((n—1/2)myx)| d

n—1

1/p 1/p
= sup <2 2 ei]? + |cn|p> (/1 ‘cosp ((n— 1/2)npx)‘pdx>

ety <1 \ =1

- </In |COSP((”— 1/2)7rpx)|pdx) 1/p'
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Thus

(J;, siny ((n—1/2)m,x)|” dx) /"
(n—1/2)1, (J;, |cos, ((n—1/2)myx) [P dx) /"

. -1 -1 _
in(T) = [|A[I"" |B]|

which completes the proof. a
Next we focus on the Hardy operator 7, when ¢ = (a +b)/2.

Lemma 5.14. Let n be an odd natural number and let c = (a+b) /2. Then

an1(Te) = an(Te) = 11|/,

where v, is as in Theorem 5.8. Moreover, the bounded linear operator Pr, defined by

s =X ([ 10 ) 25,0+ 025,09, 59)

where the sum is overall i € {1,2,...,n} withi# (n+1)/2, S(n) = {Si}!_, is the
partition of [a,b] given by (5.5) and d; is the mid-point of S;, is the optimal linear
approximant to T, among all n- and (n — 1)-dimensional linear operators.

Proof. Let S; = [a;,bi], so that d; = (a; + b;) /2, and note that |S;| = |I| /n. The map
Py, givenby (5.9) hasrank n— 1. Let f € L, (). By Theorem 4.6, (2-4) , 10 (s )
is greater than or equal to
|/ s
d pyaid

ax{H/d;f(t)dt “ »} if i (n+1)/2,

max {7 a0y N TS |y § 360 = (412

From this we obtain, as in the previous lemma,

p:(di,b;)

and

ITef = Prflly ; < {6 —a) [} IIFIIS

so that for odd n we have
an(Te) < || /n.

To estimate the approximation numbers from below we again use the partition
S(n) = {S,‘}l'-’zl of I, with §; = [ai,bi], bi—a; = |I|/n; the mid-point of S; is d;
and d(, 1) = c. Let y € (0,1). Then using Theorems 5.8 and 4.6 for each i €
{1,2,...,n},i# (n+1)/2, we see that there are functions ¢ € L,(I), non-zero only
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on S;, and functions ¢, ¢, € Ly(I), non-zero only on (a,1)2,¢) and (¢,b(,4.1y/2)
respectively, such that

Tl 1701

ae 0ls 19 Tpamsnoe) oy b

Ant1)/25 C) (¢;bnt1)/2)

are all greater than or equal to 7y, |Si|. Let P, : L,(I) — L,(I) be bounded and
linear, with rank n. Then there are constants A; (i € {1,2,...,n},i # (n+1)/2),
A—, A+ such that for g =Y A;¢; + A—¢_ + A+ ¢ we have P,g = 0. As in the previous
lemma we obtain

1Teg = Pagllly s = (rip 11 /)" Il
from which it follows that for odd n, a,+1(T.) > ¥, |I| /n. Hence for odd n,

W lll/n < an1(Te) < an(Te) <y, 1] /n,
and the proof is complete. a

Lemma 5.15. Let n be an odd natural number and let T, : L,(I) — L,(I) be the
Hardy operator with ¢ = (a+b) /2. Then

I .
7p|n_| = an+l(Tc) < ln+1(Tc)a

where 'y, is as in Theorem 5.8.

Proof. 1t is enough to deal with the case when [ = (—1,1). For
i=—(n—1)/2,...,(n—1)/2 define a; = 2i/n;set a1y p = landa_g, 1y = —1.
Introduce a covering of (—1,1) by means of the (n+ 1) non-overlapping intervals
I := (aj-1,a;), where i = —(n—1)/2,...,(n+ 1)/2. Note that 2‘1(,,“)/2’:
2|_(y—1yj2| = Il when —(n—1)/2+1<i < (n—|—1)/2

As in Theorem 5.9 we introduce a sequence space [p,, (1+D/2 with norm
(n+1)/2-1 1/p
H{Ci}||,1<7n;1>/z 1= {2 > el +lewsnpl”+ |C(nl)/2|p} :
’ i=—(n—1)/2+1

Maps A : ll(,'?ytl)/z — L,(0,1) and B: L,(0,1) — l("H)/ are defined by

(n+1)/2

<{ }n+1n/2] /2> Y (D) ey (x)cosy(my(n—1/2)x)

and
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B(g(x)) = { (n— 1/2)7rpf1,.(—1)i+1g(x) (siny[m,(n — 1/2)x])<p) dx}(n+1)/z

||sin, (7, (n—1/2)x

”pl :7(;171)/2.

Then
cig (x) sinp(mp(n —1/2)x)
mn—1/2)

T (ciger;(x) cosp(mp(n—1/2)x)) =

from which it follows that

(n+1)/2 i+l :
nt1)/2 B (=)™ iy (x)siny(m,(n—1/2)x)
( ({ et 1/2)) i:—(nz—l)/z y(n—1/2) '

Using the definition of B we obtain

nt1)/ }sm T 1/2))|p (172
( ( ({ } anl /2 { /Hsmppn:pp —1/2)x a ,

HPI i=—(n—1)/2

n+1)/2
= {e} 0

Thus BTA is the identity on / ;,”J /2 The rest of the proof is a simple modification
of that of Theorem 5.9. O

From Lemmas 5.15 and 5.14 we have

Theorem 5.10. Let T, : L,(I) — Ly(I) be the Hardy operator with ¢ = (a+b)/2
and let sy, stand for any strict s-number. If n is odd, then

Snt1(Ie) = su(Tc) = yp|I] /m, (5.10)

where Y, is as in Theorem 5.8. The bounded linear operator Pr, defined in (5.9) is
an optimal n-dimensional approximation of T,.

5.3 s-Numbers of the Sobolev Embedding on Intervals

Here we study the behaviour of s-numbers of various Sobolev embeddings. Gen-
eralized trigonometric functions will play an essential role in obtaining the exact
values of different s-numbers.

Through this section I = [a,b] will be an interval with —eoc < a < b < o and T
will be the unit circle realized as an interval [— 7, 7] with identified points —7 and 7.

By Wp1 (T) (or respectively by Wp1 (I)) we understand the Sobolev space of func-
tions on T (or on 7) (i.e. the set of all absolutely continuous functions on T with
||| p;0 < oo, or respectively on I with || f||,.; < e). Note that || f'||,,r and || f'|| .1
are pseudonorms on W, (T) or W, (I).
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As usual, Wpl (I) is the space of all absolutely continuous functions on I with

finite norm || f'|| ,,; and O boundary values at ¢ and b.
a mid

By Wp1 (I) (or respectively by Wp1 (I)) we mean the space of all absolutely con-
tinuous functions on I with finite norm || f’||,; and O boundary value at a (or with
0 value at the middle of the interval 7).

For 1 < p < e we shall consider in this section the following Sobolev embed-
dings

Eo:W, (I) = Ly(I),
a
Eq.:W, (I) = Ly(I),
mid
Emid :Wpl (I) - L},(I),

and their variants:

Ev:W,(1)/sp{1} — L,(I)/sp{1},
Ey: W, (T)/sp{1} — L,(T)/sp{1}.

By Wp1 (I)/sp{1} we denote the factorization of the space Wp1 (I) with respect
to constants, equipped with the norm ||’ ,. Note f € W, (I)/sp{1} if and only if
| £l p.r = infeer || f — ¢ pr and || f'|| .1 < o°. In a similar way we define L, (I)/sp{1},
W, (T)/sp{1} and L, (T)/sp{1}.

The norms of the embedding Ej is defined by

1A llpr .

|1 Eoll = ;
171110, (a)=f(b)=0 |Lf" | p.1

those of E, and E,,;; we define in a similar way, while that of E| is given by:

IEi|=  sup ||fl||p,1,
fewi(n)/sp{1} ”f ”p,l

and likewise we define the norm of E,.
Since |I] < e it is well-known that, all these embeddings are compact (see for
example, [41], Theorem V.4.18).

By BV;,} ) ={f;f EWZI (I) and || f'|| s < 1}, and BLP(I) = {f; f € LP(I) and

| /"1l p.; < 1} we denote the unit balls in WI} (I), and LP (I) respectively; unit balls in
other spaces are denoted by similar expressions. Obviously we have
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T.(BLP(1)) = BW! (1)
mid

T.(BLY (1)) = BW, (1)

where ¢ = (a+ b)/2. From this observation and Theorems 5.9 and 5.10 the next
theorem follows.

Theorem 5.11. Let n € N and let s, stand for any strict s-number.
(i) Ifnis odd, then $(Enig) = Sns1(Emia) = Yp L.

(i) Foralln € N, then 5,(Ey) =, —,,l']‘/z’

where 7y, is as in Theorem 5.8.

Next we shall focus our interest on the strict s-numbers for the Sobolev embed-
dings on T and on /. At first we consider the Sobolev embedding E,.

Theorem 5.12. Let n € N and let s, stand for any strict s-number. If n is even, then

- 2n
sn(E2) > T

and when n is odd,

- 2n
sn(E2) = T

where v, is as in Theorem 5.8. Moreover, for given odd n, the bounded linear
operator Pr given by

n+1
a;)+ f(b;
L) + 1) 5 T 10 (5.11)
where {S;}17! = S(n+1) is a partition of I = [a,b] = T = [~ 7, 7| (see (5.5) with
S; = lai,bi], ap = by, and a;1 = b;), is an optimal linear operator for the Sobolev
embedding E; among all linear operators with rank < n — 1.

Proof. Letnbeoddand {S;}""] = S(n+1) be a partition of [~7, 7| =T =1 = [a,b].
We can rewrite the operator Pr in the following way:

f(al);f(bl)m(x)
o (@) +f(B:)]  [flar) + f(br)] .
-3 (H O s

Prf(x) =

iuwo+ﬂmm—n%]—i@ﬁgiﬁﬁ>mﬁmw
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From this we can see that the rank of Pr as a linear operator from W, (T)/sp{1}
into LP(T)/sp{1} is equal to n — 1. Let f € W, (T)/sp{1}; then

n+1 bi
inf I = Fef =ell < 1 = Pefl = 3 - L S0 o

From Lemma 5.11 we have for any i with 1 <i<n+1:

flai)+f '
sup (’—()H sup 1nf||f—C||§_5.
I S - k
whisp<! Wy (Sp)<1
. flai)+f
= - LI
”f”wp1<3,~>§1
= sup (Yp|Sl|) ||f ||pS’
IIfIIW’;<5i)S1
and then

2n
1 = Pefllrey oy < 70 (o ) 17 e
Thus
2n
n+1

To prove the lower estimate for i, (E; ), we introduce a sequence space I/ sp{1}
with norm

an(E2) < Yp——

n+1 1/p
H{Ci}H];Jr'/sp{l} = Clgﬂg{lzi |Cicp} .

Note that dim /™! /sp{1} = n.
Define amap A : (2! /sp{1} — W) (T)/sp{1} by:

({Cz}n+l> _ rf(ci_c)x[i(x) sin, ((x—aﬂ%) +c,

i=1

where c is a number for which

n+1 l/p
H{Ci}HI;H/Sp{l} = {Ei |Ci C|p} .

Similarly, a map B: L,(T)/sp{1} — [z*!/sp{1} is defined by



5.3 s-Numbers of the Sobolev Embedding on Intervals 99

o Ji(8(x) =€) (siny, [(x — a;) (n + 1)”17/(2”)])(,,) C}HI
Bg(x) = { Hsin,, (x—a;)(n+ 1)7r,,/(27t))”2,l "

)

i=1

where c is a constant such that [|g ||, (1)/sp1} = I8 = ¢l p1-

Since E3(g(x)) = g(x) we have Ex(A({ci}{})) = A({ci}1).
Thus using the definition of B we obtain

" 1 |sm,J (n—i—l)rcp/ (2m)] |p i
B(E2 (4 ({e { /Hsmp ot D/ )| }
:{Ci}?;la

which means that BEA is the identity on /2! /sp{1}.
(T)/sp{1} — l;+1/sp{l}Hp equals the supremum, over all
8 € Lp(T)/sp{1} with [[g]l_ (1) spg1) < 1, of

n+1 p

>

i=1

Ji:(g(x) —¢) (siny, ((n + 1)7r,,x/(27r)))(p) dx
Hsinp ((n+ l)npx/(27r))||;11

i

where ¢ depends on g in such a way that |[g[|z,(r)/sp(1} = [ —¢||p,1- Note that then
the supremum is attained only when

n+1
glx) —c= ; cixr (x)siny ((n+1)mpx/ (27))

where ¢ depends on g as above and || {c;}, ||ln+l/sp{]} [[{c:}! ngﬂ. Then

B+ L,(T)/sp{1} — 1" /sp{1}
(z?ill ‘Ci|p)l/P

< sup p .
{c;yelnt! HZ,'LI CiXr; (x) sinp ((”+ 1)”Px/(2”))Hp,’H‘
n 1
{cielst! {Z”“ﬁ |cix (x) s1n,,((n+ rx/(27)) |de} v
= sup (= n+1|c‘ )l/P
1
{erely™ (2] |eilP) /”{f,] |sin, ((n+ 1)m,x/(27) |”dx} ”

-1/p

:{/Il‘sinp((n—i-1)ﬂpx/(2ﬂ))‘pdx} ,
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and [|A: 7 /sp {1} — W) (T)/sp{1}|| equals

wup { [ [t 0 i (-0 2527 pdx}l/p

H{Ci}H[%H/sp{l}S] Ii=1
x—a;)(n+1)m n+1)m
COSP( )2( ) p)(( ) p)

n+1
= sup Z le; —cl? /
14 1/p
dx} .

el <
cos, ((x—al)(n—i— l)np)
7 ([, Ising (1 Dy (x—ar)/ (2m))|” )

- (") {A i
(0 1)y (B, leosy (n+ )y —an) /)| ax) 7

p 1/p
dx}

Thus

1/p

. -1 -1
in(E2) = |A[ 1B =

which completes the proof.
When 7 is even, by using the above techniques we obtain

2
Ey) >
( 2) ’yp n4 1
O
Now we focus on the Sobolev embedding E; on an interval /.
Theorem 5.13. Let n € N and let s, stand for any strict s-number. Then
< ]
E))=v,—
sn(E1) Yp n’
where 7y, is as in Theorem 5.8.
Proof. This is obtained by using ideas from the proof of Theorem 5.12. O

Theorem 5.14. Let n € N and s, stand for any strict s-number. Then

52(Eo) = |1|

where Y, is as in Theorem 5.8.

Proof. Let I(n) = {I;}!_, be a partition of I = [a,b] (see (5.6)) with I; = [a;,b;],
ap = a, b, = b and a;1 = b;. Clearly 2|Iy| = 2|I,| = |I;| = |I|/nfori=1,....n— 1.
We define an operator P,_; with rank(P,_1) =n— 1 by:

n—1
P (5) = 024 (5) 021+ 3./ (“’*b >XI,-(X)-
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Thus using Theorem 5.8 we have

(@(Eo)” < sup |[(Eo—Pu1) ()}
fewl

sup
fewin)

n—1 .
sup ( S o sl

gnf(.)—f(

"l
[ uarlg +1 [ u dr|)

+ (W2l )” ully 1, + (Vp2|1n|)”|u|Z,1,,>

1A + ||f||p1,,>

Hqu <1

sup
Hu\lp1<1

[

and then a,,(Eo) < 7, |1|/n.

Z (W lLD) Nl

Now we shall prove the lower estimate for i, (Ey). The map A : " —W} (I) is

defined by:
nw
=St (- %)

where {S;}"_, is a partition of / (see (5.5)) with S; = [a;,b;] and |S;| = |I|/n. The
map B : L,(I) — [} is defined by

peto) {fs,-g(X) (siny [(x—a)ne, /|1])) } |
=1

||sin, ((x — ai)nm, /1)) HZ,S,

Obviously we have Eg(A({ci}i_,)) = A({c;};_,) and then

B(Eo(A({citiny))) = {Ci :

which means that BEOA is the identity on /.

Note that |B: L,(I) — In|| equals the supremum of ||Bg|I2||, over all g € L,(I)
with ||g|| L,(r) < 1, and the supremum is attained only when

sin [(x — @), /11| } e
g = anmy M7, ~

ZC,)(S x)sin, (nmx/|1)).

Then we have



102 5 s-Numbers and Generalised Trigonometric Functions

(2, Jei?)"/?
B:Ly(I) = I|| < sup =2
82 i ety [[ 2y cixs, (0 simy (/)]

—1/p
= {/ |sin,, (nnpx/|l|)|pdx} )
S1

equals

sup /2
[{eitllm<1 { i1
sup {ZciV’/
{eitlm=<t Li=1 S;
-()L
|| S|

and HA =W, (D)

cilsi(x)% [Sinp ((X—a,-)%)] pdx}]/p
cos,, (%) <%) de}l/p

. P 1/p
cos. [ Fmanm\ |7 1T
g |1

Thus

11 (s, Ising (nmy (s — ) /)| ax) 7

in(Eo) > 4]l 1B = s
nty (fs, [cos, ((n-+ 1)my(x — ar)/(2)) | dx)

which completes the proof. O

Note that we can use generalised trigonometric functions to obtain some insight
into the shape of the unit ball of Sobolev spaces. In particular, Theorem 5.14 pro-
]

vides us with information about the image of the unit ball of Wpl (I) in the space

L,(I). It implies that the largest element in B Wp1 ) = {f:1If] Wp1 || <1} in the
L,(I) norm is
siny (7 (x — @) /|11)

filx) = - .
[[siny, (7, (x—a)/|I) | W, (1)

o
When we approximate B Wp1 (I) by a one-dimensional subspace in L,(I), the
most distant element from the optimal one-dimensional approximation is

sin, Qmy(r—a)/l)
Isiny (2, = a)/11) | W (1)

fz(x) =
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More generally, if we approximate B Wp1 (I) by an n-dimensional subspace in
L,(I), then the most distant element from the optimal n-dimensional approximation
is
siny (n,(x — a)/|1])

| siny (n7,(e—a)/ 1) | W3 (D)

fn(x) =

Also from the previous theorem we have that || /i, 1) = s(Eo)
We can see that the functions f; play, in some sense, roles similar to those of the
semi-axes of an ellipsoid.

We present below figures which show an image of B Wl} (I) restricted to the linear

subspace span{ fi, f2, f3} in L, (I).
In the case p = 2 we obtain an ellipsoid (here the x,y,z axes correspond to

J1, 12, f3).

When p = 10 and p = 1.1 we have the images below:

We can see that the main difference between Figs. 5.1 and 5.2 is that the pictures
in Fig. 5.2 are not convex. This suggests that possibly the functions fi, f2, f3 are not
orthogonal in the James sense.

Notes

Note 5.1. Most of the material in this section is quite standard. The books by Pietsch
[106,107] and Pinkus [109] should be consulted for further details and background
information.

Fig.52 p=10 p=1.1
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Note 5.2. The very precise information about the strict s-numbers of the various
Hardy operators contained in Theorems 5.5 and 5.1 was first obtained in [46,47].

Note 5.3. The exact determination of the approximation numbers of the Sobolev
embeddings was carried out in [47] and also in [60] and [87]. For the results
concerning the strict s-numbers see [47].



Chapter 6
Estimates of s-Numbers of Weighted Hardy
Operators

It is shown that if 1 < p < e and the Hardy operator T is viewed as a map
from Ly (a,b) to itself, then all strict s-numbers of T coincide and their asymptotic
behaviour is determined. The cases p = 1 or e require separate treatment and less
is proved, but upper and lower estimates of the approximation numbers of T are
obtained.

6.1 Introduction and Basic Notation

In this chapter we consider the map 7, (4 ) ,,, of Hardy type defined by:

Tatayoad () =) [ u(0)f @), 6.1

where u and v are given real-valued functions with [{x : u(x) = 0} = [{x: v(x) =
0}| = 0. This map will act between Lebesgue spaces on an interval (a,b). If no
ambiguity is likely we shall simply denote this map by 7, (, ;) or T

Throughout this section we shall assume that —ec < a <b <o and 1 < p < oo,
and for all X € (a,b),

u€Ly(a,X)andveLy(X,b). (6.2)

Under these restrictions on u and v it is well known (see Theorem 4.1) that the
norm || T || of the operator T': L,(a,b) — L,(a,b) satisfies

HTHN sup ”ux(a,x)”p’,(a,b)Hvx(x,b)Hp,(a,b)u (6.3)

x€(a,b)

the constants implicit in the symbol ~ being absolute ones independent of u,v and
(a,b). Here s denotes the characteristic function of the set S and, as before,

1/p
I£a = [lrear) . 1<p<on 1 @b

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 105
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_6,
(© Springer-Verlag Berlin Heidelberg 2011
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|| f]|.s is defined in the obvious way. For given interval I = (c,d) C (a,b), define
S )= sup X (e llp 1V a)ll p.t (6.4)
X!

and

(To1f)(x) == v(x)xi(x) /exu(t)x](t)f(t)dt, where e € [a,b]. (6.5)

Then the norm of the operator T ; : L,(I) — L,(I) satisfies

[ Taill ~ Z (1), (6.6)

with absolute constants independents of p and /. Let us recall that from Theorem 4.4
it follows that
u€Ly(a,b)andve Ly(a,b) (6.7)

guarantee compactness of T'.

Lemma 6.1. Suppose that 1 < p < eo. Then the function J(.,d) is continuous
and non-increasing on (a,d), for any d < b, and 7 (e,.) is continuous and non-
increasing on (a,b) for any e > a.

Proof. Givenx € (a,b) and € >0, there exists 1 = h(x,€) € (0,min{ 1 (x+a),b—x})

such that
x+h , 1/p' e
</ |u(t)|1’dt> <min| —25 ¢,
—h VIl (52,0 +1

Then

7 / z / /
o) <0 ) = maxd swp [ [ ol an b )

x—h<z<x L/x—

X Z , ,
+/ 0|7 de ||v||? ]}
xi‘ii’d[(/xh x>'”< )17 VI ()

< max{e” " +[ 7 (x,d)]"} =" +[ 7 (x,d)]"

and s0 0 < [_Z (x — h,d)]V' — [ 7 (x,d)]?" < e. Similarly 0 < [_#Z (x)]" — [ 7 (x+
h)]” < & and the continuity is established. It is obvious that #(.,d) is non-
increasing. For the function # (e,.) the proof is similar and hence the lemma is
proved. a

Next we introduce a function <7 which will play a key role in this section.

Definition 6.1. Let  be a subset of (a,b). We define

. | Torf—ov llps -
Wals 77 1pL
A (1) = o (Iu,v) = { SUP fer, (1), f£0 iMfacc = if u(1) >0,

0 if w(I)=0,
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where T, 1 f(x) is as in (6.1) and

Jrv(@)|Pdt, 1 < p <o,

)= {f,v<t>|dr, p—oe.

6.2 Properties of .o/

In this section we establish properties of the function &/ which we shall need in the
next sections.
With help of (4.5) we have for I = (a,b),

o)< sup Hatfllps
~ rer, 0 IS llpa

= Tasll <4 7 (D). (6.8)
Note that from Definition 6.1 the next corollary immediately follows.

Corollary 6.1. For all subintervals I C (a,b),

o (I) < inf [Ty |Lp (1) = Lp(D)].

Lemma 6.2. Let 1 < p <ooand I = (c,d) C (a,b). Then || T ;|L,(I) — L,(I)| is
continuous in Xx.

Proof. LetI = (c,d) C (a,b), x € (a,b) and e be the nearest point of I to x. Then
Ter = Teg and [|Te || := (| Tes|Lp(T) — Lp(D| < I T2l := | Tx|Lp(a,b) — Lp(a,b)|].
Moreover if I' C I, with ¢’ the nearest point of I’ to x then T, 1 f = T.1(fX(c.r)) +
Ty (), whence 0 < | Tosll — [Tl <l o Il oy This yiclds the
lemma. =

Lemma 6.3. Suppose T, is bounded and e € (c,d) =1 C (a,b). Then
min{”Te,(c,e) ||a ||Te,(e7d) H} < I)ICIEIP ||T;€J”

Proof. We can see that for x € I, ||Ty || = max{|| T, ||, | T, xall} and with the
help of Lemma 6.2 the lemma follows. ad

In the next two lemmas || - ||, , denotes the norm in L, (/,du), where du(t) =
[v(z)|Pdt.

Lemma 6.4. If 1 < p <o, then given any f,ey € L,(I,du) with ey # 0 there is a
unique scalar cy = cy.q, such that || f — creo|| p,u = infeec || f — ceo

[
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Proof. Since || f — ceg|| p,u is continuous in ¢ and tends to e as ¢ — oo, the existence
of ¢, is guaranteed by the local compactness of C. For 1 < p < oo the unique-
ness follows from the uniform convexity of L,(I,d). Let p = oo, and suppose
that there are two distinct values ci,c; of cy. This yields the contradiction

1 = (1/2)(e1 +e2)eollpu < [1f = creollp.u- O

Lemma 6.5. Let ey € L,(I,du)\ {0} and let cy = cy ., be as in Lemma 6.4. The
map f— cy:Ly(I,du) — Cis continuous for 1 < p < co.

Proof. Suppose that g, — f. Since {cg, } is bounded we may suppose that c,, — ¢
as g, — f. Then

llgn— Cf€0||p+l > |lgn— an€0||p7u

and so

If —creollpu > [|f = ceollpu

which gives ¢ = cy. o

Theorem 6.1. Let 1 < p < e and I = (c,d) C (a,b). Then there exists e € I such
that
/(1) = min [Tl (1) = Ly(D)] = |TealLy(1) — Ly(0)]

Proof. Since ||T (.|| and || T, (4 || are monotone in x we can see that there is y € /
at which || T} . )| = || Ty, (y,q)||- Then using Lemma 6.3 we get || Ty, || = minyes || Ty |-
If o0 < ||Ty,|| there exist fi,i = 1,2, supported in (c,y) and (y,d), respectively, with
|| fill = 1,1|Tp.1.fi]| > e, and f; positive, f> negative. Clearly the corresponding values
of ¢y, say cy,cz, are positive and negative respectively. Then by continuity there is
ad€[0,1]suchthatcg =0for g =Afi +(1—A)fp, and || T s8||” = AP|| T i f1l|P +
(1 =2)?||Ty1f2]|P > a?||g||P. Then, by Lemma 6.4,

A (1) = inf|[(Tyr = ev)gl| /Nl = [ Torgll/llgll > o

Since o < ||T,| is arbitrary, @7 (I) > ||Ty|| and the first equality follows from
Corollary 6.1. Using the obvious facts that || 7. ;|L,(I) — L,(I)|| and ||T;|L,(I) —
Ly(I)|| are greater than ||T;|L,(I) — L,(I)|| for any x € (c,d), and the continuity
of || T s|L,(I) — Lpy(I)|| in the variable x, we obtain the second equality. O

Lemma 6.6. Suppose thata <c <d <b,e€ (a,b) and 1 < p < . Then:

1. The function </ (.,d) is non-increasing and continuous on (a,d).
2. The function </ (c,.) is non-decreasing and continuous on (c,b).
3. limy_.., @/ (e,y) =limy_._ o/ (y,e) =0.

Proof. The proof of 1 illustrates the techniques necessary to prove 2 and 3 also.
That <7 (.,d) is non-increasing is easy to see. To establish continuity from the left,
fix y € (a,d). Then there exists iy > 0 such that for 0 < & < hy,
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"Q{p(yad) S ,,Q{p(y—h,d)

= sup inf v {/ u(t)f(t)dt — a} [
Hpr.(thd)Sl |O“§||“”p'<,(}'*h0‘r‘1> Jy=h po
y
) P
| [ w7,

s ar 17

y—h

= sup inf
11l p.—na) <1 Lol <llull ¢y )
+H4/u0ﬁ@w—a+
y

< sup inf {2||V/yh”(t)f(t)dt”;(yh,y)

B 11, -y <1 o<l (3.
p o
207 |V} (opyy T IV [/v u(t) f(t)dt — oo+

P P P p
< 2||u||p’,(y—h~,y) ”V||p,(y—h~,y) * 2”qu’ (y—ho.d) ||v||p~,(y—h,y)

+2llull,

’ u(t)f(f)df} IIQ(M)}

y—h

oy @) + (3.

It follows that

lim & (y—h,d) = </ (y,d).
]’l—>0+

In the same way we see that

lim o (y+h,d) =/ (y,d),
/’l*>0+

and now the proof of the Lemma is complete. a

Note that when p = o or p = 1 then A can be discontinuous as we can see from
the following example. Set

v(x) = {1’ XE(O,'I)U(27°°)7
g, otherwise,

u(x) = x(1.2)(X) + €X0.1)002,3):
with (a,b) = (0,3). Then 7 (x,3) < € forx > 1, and &7 (x,3) > 1/2 forx < 1.

Lemma 6.7. Suppose that T : L,(a,b) — L,(a,b) is bounded and 1 < p < oo. Let
I = (c,d) and J = (¢,d’) be subintervals of (a,b), withJ C I, |J| >0, |I —J| >0,
fab VP (x)dx < oo and u,v # 0 a.e. on I. Then

(1) > o/(J) > 0. (6.9)

and
[ Tatll > [|Ta || > 0. (6.10)
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Proof. Since |{x: u(x) =0}| = |{x: v(x) = 0}| = 0 the proof of (6.10) is obvious.
Let0 < feLy(J),0<|fllps=Ifllps<1withsuppf CJ.Letye J;then

”T(c’,y)HPJ >0 and ||T(y,d/)||PJ >0
and then from Lemma 6.2 we have

min{[| Ty llpss 1 Tiyan lp.s} < min [ Zesllp.s

which means &/ (J) > 0.

Next, let us suppose that c = ¢’ < d’ < d. By Theorem 6.1, there exist xo € J and
x1 €1 such that o7 (J) = || Ty, 4|l s and &/ (1) = | Ty, 1| p.1-

If xo = x1, then, since u,v # 0 a.e. on I, we get

A (1) = || Ty 1|

pd > Ty il pg = 1Ty gl ps = ' (J).
If xg # x1, then
(D) =Ty tllps > 1Ty tllps > Ty il pa > (T il p = ().

The case ¢ < ¢/ < d' = d can be proved similarly; the result when ¢ < ¢’ < d’ <d
follows from previous cases and the monotonicity of .27 (I). a

Lemma 6.8. Let 1 < p < oo, let u,v be constants over a finite real interval I = (a,b)
and putd = (a+b)/2. Then
M(I’M’V) = |v||u||1|£{((0’1)’1’1)
Ju(t)f(t)de
I O O
FeLp()\{0} [£1lp.t

[[sin (7 (x —a) /(b —a))lps
[cosy(my(x—a)/(b—a))llp

= [ullvl7p,

= [ullv|

where 'y, is as in Theorem 5.8.

Proof. We have

A(Luy) = sup inf [|v </ w(t)f(1)dt — oc) s

Ifllp<1 #€C

= pllul sup inf || [ f(0)dt =t
Ifllpa<1#€C " Ja
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= pllellr] supinf | [ fe)de— a0
11l 0,1 #€C /0

= |v||u||1|d((07 1)7 1, l)'
The rest follows from Remark 5.2 and Theorem 5.8. O
Next, we investigate the dependence of .o (I, u,v) on u and v.

Lemma 6.9. Let [ = (c,d) C (a,b), 1 < p < oo, and suppose that v € L,(I) and
up,uy € Ly (I). Then

| (I,u1,v) — o (Luz,v)| < |lug —ual| 1 ||v]] p.1-

Proof. Without loss of generality we may suppose that <7 (I,u;,v) > o (I,u,v).
Then

o (Luy,v) = sup inf|v [/(ul —uz—&—uz)fdt—a} Il p.1

I£lps<1 #€R

< sup inf [HV/ (w1 —u) fdt|[ps
c

[ISES
= (st = ]

< wpiM[WMMm—MMu
IFllpa<1©®

[ s =)l

< AWllpallur —ual| g+ (Iuz,v).

The result follows. O

Lemma 6.10. Let I = (c,d) C (a,b), 1 < p < oo, and suppose that u € L,y (I) and
vi,v2 € Ly(I). Then

| (L, v1) = (Lu,va )| < lull g l[vi = vall 1

Proof. We may suppose that <7 (I,u,vy) > </ (I,u,v,). Then

& (Lu,vy) = sup inf ||v; [/.ufdt—a] Il p.1

[llpa<1 *<R

= sup inf ]y {/ ufdt—oc} | p.t
171 r<t el <lull Al £1lp.r ¢
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inf [nm ) [ ufdi =l

< sup
[ £llpa<tlel=lull

bl utar |
ull .+ (Iu,vz).

< i —=wallpal

The proof is complete. a

Remark 6.1. Note that in Lemmas 6.6-6.10 we can replace </(c,d) by
HTa,(c,d)”p,(c,d)-

6.3 Equivalence of Strict s-Numbers for T

Throughout this section we suppose that 1 < p < oo if not mentioned otherwise.

Remark 6.2. Let T be compact. Then it follows from the continuity of <7 (.,b)
and ||, ()|l and Theorem 4.4 that for sufficiently small € > 0 there are ¢,d €
(a,b) for which o (c,b) = € and || T, (4,4)|Lp(a,d) — Lp(a,d)|| = €. Indeed, since
T is compact, there exists a positive integer N(g) and points a = ap < a1 <
e < an(e) = b with d(a,;l,a,-) =¢ fori= 2,...,N(8) -1, %(an,l,b) <&
and || T, (4.a)|Lp(a,a1) — Ly(a,a1)|| = €. Clearly, the intervals I; = (a;—1,a;),i =
1,...,N(¢g) form a partition of (a,b).

Lemma 6.11. If T : L,(a,b) — Ly(a,b) is compact and v,u satisfy (6.2), then the
number N(€) is a non-increasing function of € which takes on every sufficiently
large integer value.

Proof. Fix ¢,a < ¢ < b. Then, continuity of [T, ,, || with Theorem 4.4 and (4.5)
ensures [|7, ;)| = € > 0. Moreover, as observed in Remark 6.2 there is a pos-
itive integer N(&) and a partition @ = ap < a; = ¢ < -+ < ay(g,) = b such that
HTu,(uo,ul)” = &, ;zf(ai,ai+1) =§&),l= 1,2, NN ,N(S{)) — 1 and QQ{(QN(S()),I,b) < &.
Letd € (a,c). According to Lemma 6.7, </ (a,d) = g) < & and the procedure out-
lined above applied with g gives e > N(g)) > N(&). (Note that due to Lemma 6.7,
the compactness of T and the continuity of </(c,.) and ||T, (. ||, there exists
d € (a,c) such that N(g)) > N(g).) If N(g}) = N(&) + 1, stop.
Otherwise, define

e =sup{e:0<e<gand N(e) > N(g)+1}.

We claim N(g;) = N(g&)+ 1. Indeed, suppose N(g1) > N(&) + 2 and the parti-
tion a =ag < ay < - < aye,) = b satisfies I Toaanll = €1, A (ai,aiv1) = &,
i=1,2,...,N(&1) — 2 and o (aye,)—1,an(e,)) < €1. Decrease ay e, —; slightly to
a;\,(el)il so that both "Q%(a;v(s])—vb) < g and "Q{(aN(sl)*Z’a;v(gl)—l) > g, con-
tinuing the process to get a partition of (a,b) having N(g;) intervals such that
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||Tu’(u’u/1)|| > &1, Jz{(aé_l,af) >e,i=2,...,N(¢)—1and "Q{(asv(gl)fl ,b) < €. Tak-
ing & < min{||Ta’<a’a/l)||,437(a;717a§) :2<i<N(g)—1} we obtain & > & and
N(&) > N(g&) + 2, a contradiction. This establishes the claim.

An inductive argument completes the proof. g

Lemma 6.12. Let £ >0, 1 < p < e and let T : Ly(a,b) — L,(a,b) be compact,
withu € Lyy(a,b),v € Ly(a,b). Leta=ap < a; < ... < ay = b be a sequence such
that o/ (ai—1,a;) < € fori=2,...,N and ||T, (4, a))|| < €. Then

an(T) <e.

Proof. Setl; = (a;—1,a;) and Pf = vazzP,'qux]l where

e;
Pr) =) | [ tstoar]
a
and ¢; € I; is a number obtained from Theorem 6.1 for which

o (Ii) = min | T [Lp (&) — Lp(E)|| = [|Tei i1 Lp (1) — Lp(H)]|- (6.11)

Then rank P < N — 1 and, on using Theorem 6.1,

1T =PI o

N
DT =PAIG,+ITA
i=2

N
ZéHTf_PifH;I,-—’_ TN
=

|
M=

IvC) [ uo el + 100 [ w0l

i=2
< (max{||T|lps, o ()., ()" I FII} ()
< eI} ny
whence the lemma. O

Lemma 6.13. Lere >0, 1 <p<eoandletT :L,(a,b) — L,(a,b) be compact and
veELy(a,b),ucLy(a,b). Leta=ay<ay <...<ay=b be asequence such that
A (a;i-1,a;) > € fori=2,...,nand ||T, (4.0, = € Then

in(T) > €.

Proof. Setl; = (a;_1,a;); then from Theorem 6.1 it follows that there is e; € I; such
that

o (i) = min [ Tep | Lp(h) — Lyl = |Teis ILp (1) — Lp (L) (6.12)
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Since T is compact there exist functions f; such that supp f; C I, || f;
e, fill py = &/ (L;) fori=1,...,.n— 1.

Define J] = (Clo,e‘]) = (eo,el), J,‘ = (el;l,e,-) for i = 2 ,n — 1 and Jn =
(en—1,b) = (en—1,en). We introduce functions g;(x) = (c;fi(x )—l—df,H( ) (x) for

i=1,...,n—1and g,(x) = cufn(x)yxy, (x). For these functions we have
Te.  &illpte: 1 .a: 1.8 e
ITes8illpeiva) 5 g g MeSillotane) 5 pgoriy 1
||giHP~,(3i—lxai—l) Hgi”p?(aifhei)
Also we can see that T, | (o, | 4, 1), 148 and T, (4, ¢).1.48i dO not change sign on

(ei—1,ai—1) and (ai_l,e,) respectlvely Since T, , 7(61717a171>717ugi(.) and T, (4, \.e)
gi(.) are continuous functions we can choose constants ¢; and d; such that

Te;_l,(ei_l,a,-_l),l,ugi(ai—l) = Te,v,(a,v_l,ei),l,ugi(ai—l) >0

and ||gi|| p.;; = 1. Then we can see that supp(7'g;) C J;.

Note that we have
ITg in.,Ji

18l p.s
The maps A : I) — Lp(a,b) and B: L,(a,b) — [}, are defined by:

>efori=1,...,n. (6.13)

{dl zdlgz

{ I, 8(x)(Tgi(x)) () dx }n .
1

Bg(x) = ITgi(x) ||§,J,-

Since [ f(f)(mdx= £}, =1,

n
BT (o ({di}i-1)) = {(/J diTgi(X)(Tgmp)dx) /NITg: Z,J,}
i i=1
n
—{dilTai /ITailh, ) = (.
Observe that ||B : Ly(a,b) — I7]| is attained only for functions of the form:

n

=Y ¢iTgi(x)
i=1

Using (6.13) we obtain

(ap) > €[ty llm

and then

n
1
s IBfly = sup [BYeTail)l = sup ey <

£ 1Lp(ap) <1 lelzpapy<t  i=1 lellzp(apy <!
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From
n n
!/ / / U
I/ (EHE 1 = 3 | 017 = 3 P )1 = D
= L =
it follows that [|A : I} — Ly,(a,b)|| = 1. Thus
in(T) > A |1B] 7! > e

O

From Lemma 6.7, Remark 6.2, Lemma 6.11 and continuity of «/(c.,) and

[T ) the next lemma follows.

ellpe.

Lemma 6.14. IfT : L,(a,b) — Ly(a,b) is compact, then for each N > 1 there exist
ey > 0 and a sequence a=ag < aj < ... < ay = b such that </ (a;—,a;) = €y for
i=2,...,Nand ||Ta (apsar) H eN.

Combining Lemmas 6.12-6.14 we obtain the following theorem.

Theorem 6.2. Let 1 < p <eoandletT :L,(a,b) — L,(a,b) be compact; let N > 1.
Then there exist ey > 0 and a sequence a = ay < ay < ... < ay = b such that
szf(a,-_l,a,-) = stor i=2,....,N, ”Ta.(ao,al) || =&y and

aN(T) = iN(T) = &N.

An obvious consequence of the above theorem is

Remark 6.3. Let 1 < p <ooandlet T : L,(a,b) — Ly(a,b) be compact. Then all
strict s-numbers for the map 7 coincide.

6.4 The First Asymptotic Term when 1 <p < e

Theorem 6.3. Let 1 < p <o, v € Ly(a,b), u € Ly(a,b) and let T : Ly(a,b) —
L,(a,b) be compact. Then

yp/ lu(t)v(t)|dt = hm enN

where 7, is as in Theorem 5.8 and €y as in Lemma 6.14.

Proof. For each 1 > 0 there exist step functions uy, vy on I = (a,b) such that

lu—=unllys <m
v=vallpr<m.
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We may assume that

un =Y Eixweys vn = 2 iAW)
= =

where the W () are disjoint subintervals of /.
Let N be an integer greater than 1. Then according to Lemma 6.14 there exist
&v > 0 and a sequence a;,k =0,1,...,N, such that ay = a, ay = b and

o (I)=¢€fori=2,...,N and ||T 4, || = € where Iy = [a;_1,ax].

Then

’/I|u(t) v(t)|dt — /I\un (t)vy (£)|dt

< [l [vn(0) = (o) dr+ [1a) = un (0] o0l
< 20l + ) (614

Next, let K := {k > 1 : there exists j such that I CW(j)}. Then#K > N—1—m,
and, by Lemmas 6.8-6.10,

(N—1-—m)e <Y o (I;u,v)
kek

< Z {ﬂ(lkwn»"n)
keK

—|—(JZ{(I](;I/L,V) 7d(1k;unvv))
+ (o (I un,v) — o (Isun,vy)) }
< % 2 1€ [IW ()]
J

JrZ{HM— wnllprw () IVl p.ws)
J

el l1vn = vilpwi §
< p [ unlvnlde + =l v
el l1vn =l

< [[lunlvnldr +n s+ 0l 4+):

il

By (6.14) we therefore conclude that

liilnsupezvNS/IIM(I)IIV(t)Idt+3n|\VI|p,1+n(3||u||pf,1+n)
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and then
limsupeyN < /] (e) | [v(2) dr.
N—oo
To prove the opposite inequality we add the end-points of the intervals W (),
j=12...;mtothe a;,k=0,1,...,N, to form the partitiona = ey < --- < e, = b,
say, where n < N + | + m. Note that each interval J; := [e;,e;1] is a subinterval of
some W (j) and hence uy, v, have constant values on each J;. Thus

o [ unllvald =y, [ lunllvalde +3, [ g lvala
I I IV

= Z ||7117Jf7un7un| pdi T z A (Jisun,vy).
Jich 5igh

We again use Lemmas 6.8—6.10 to obtain
N, (Jiun,vp) < {.Q/(]i;u,v)—&—[.Q%(Ji;u,v)—.;z%(J,-;un,v)]
yAa JiZh
1 Uit )~ of U] |
< 3 {4 =l 4 bl
e
il =l

and with the help of Remark 6.1 and by obvious modification for || T, s.u, vy || p.s We
have

z ||Ta,Ji,un,vn||in < Z {”TaJi,u,vani

JiChL JiCh

pJi — ||Ta,J,uun.,V||P~,Ji]

[T s — [ Tean ollot] }

+ U|Ta«,fhmv|

<y {||Ta,fi,u,v||p,1,-+ it =ty [

JiCh
g 11w —vlm}.
Hence, from ||T, j, uv||ps; < € and 7 (Ji;u,v) <&,

Vp/l\u(f)HV(f)\df SN+ 1+m)e+3n|vlpr+nGllully+n)

and since 1 > 0 is arbitrary the theorem follows. O
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As an obvious consequence of Lemma 6.14 and Theorems 6.2 and 6.3 we have

Theorem 6.4. Let 1 < p < oo, v Ly(a,b) andu € Ly(a,b). Then

yp/ |u(t)v(t)|dt = 11m sN(T)N

where v, is as in Theorem 5.8 and s, stands for any strict s-number.

6.5 The Casesp =candp =1

In this section we obtain upper and lower estimates for the first asymptotic of the
operator T : L, — L, when p is 1 and eo. The main difficulty in these cases is the
absence of strict monotonicity and continuity of A.

Lemma 6.15. Suppose that (6.2) is satisfied. Then the function #(.,d) given by
(6.4) is continuous and non-increasing on (a,d), for any d < b when p = e; and
Y (e,.) is continuous and non-increasing on (e, b), for any e > a when p = 1.

Proof. We give the proof only when p = o as that when p = 1 follows by a simple
modification. Given x € (a,b) and € > 0, there exists 2 = h(x,€) € (0,min { } (x+a),

b —x}) such that
x+h £
/ u()ldr <min [ ——5 ¢},
x—h Vlleo (550 ) + 1

Then

sed) < 5 tend) =ma{ swp |l [ iolar ]

x—h<z<x

[ ([ [t}

<max{e, e+ Z(x,d)} =€+ _Z(x,d) (6.15)

andso 0 < ¢ (x—h,a)— #(x,d) < €. Similarly 0 < ¢ (x) — _#(x+h) < € and
the continuity is established. It is obvious that _# (.,d) is non-increasing and hence
the lemma is proved. g

First we deal with the case p = c. We now define, for any interval I C (a,b) and
£>0,
M(Le) :=inf{n:1=UL L, () < e}. (6.16)

Lemma 6.16. Suppose that (6.2) is satisfied and let M(I,€) = m < o for I C (a,b)
and € > 0. Then:
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(i) If m = 2n, there exist intervals J;,i = 1,2,...,n, such that I = U_ J; and
427(.],') > E.

(ii) If m = 2n+ 1, there exist intervals J;,i = 1,2,...,n+ 1 such that [ = U?’:f]i,
A () >¢ei=1,....nand o (J,11) <E&.

Proof. From the definition of M(I,€) in (6.16) there exist I;, i = 1,2,...,m, such
that &7 (I;) < € and &/ ([; UL;1) > €. Now set J| =1 U, Jo, = 3 Uly,..., with
Jut1 = Ly in case (if). m|

The next lemma will yield a one-dimensional approximation to 7" on /.

Lemma 6.17. There exists @y € {L(I)}" such that o(1) = 1,
and, for all f € L.(I),

o[l gy =1

inf [|(f — 0)Vlles < [I(f = @1 (f))V]leoy < 2 inf [|(f — 0)V[[s- (6.17)
acR ocR

Proof. For0 <y < ||v|lwsand Ay := {x: v(x) >y}, define @y € {L.(I)}" by

o/(f) = —

= m ,, (x)dx, f € Lo(I).

Then 0)7(1) = 17||(1)y||{1‘m(1)}* =1 and

1
oy (f)| < L2 (6.18)

The set W := {Wp : 0 < B < [|v]|s }, where Wg = {@, : y> B}, is a filter base
whose members Wy are subsets of the unit ball in {L..(/)}". Hence, by the weak*
compactness of this unit ball, W has an adherent point, @; say. It follows that
wr(1) =1, [lox|lz_ )+ = 1 and, from (6.18), for all B € (0, [v||,1),

1
o< Gl fless f € LalD).
Consequently, for any 6 € R,

Oi{lgl&”(f—a)VHooJ < (f = @ (f))v]eor
< (f =8 oo + | (f = 8)V|leot

< ||<f5>v||w,,{l+%}'

Since § € R and 3 € (0, ||v||- ) are arbitrary, the lemma follows. O

The next two lemmas give lower and upper estimates for strict s-numbers which
are analogues of those obtained in the case 1 < p < oo. Hereafter, we shall always
assume (6.2).
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Lemma 6.18. Suppose that T : L..(a,b) — Lw(a,b) is bounded. Let € > 0 and sup-
pose that there exist N € N and numbers c,k=0,1,... N, witha=cy<c; <--- <
¢y = b, such that o (I;) < € for k=0,1,....N — 1, where I, = (cx,cx+1). Then
ClN+1(T) <2e.

Proof. Let f € Le(a,b) be such that || f|| = 1, and write
N—1
Pf:=Y Pf
i=0
where the Pj, are the one-dimensional operators

P f(x) == i, (1)v(x) (/xufdt> . k=0,1,..N—1,

oy, (/:ufdt> :/aCkufdt+a)1k (/Cxufdt).

with @, € {L-(I)}" the functionals in Lemma 6.17.
It is obvious that P,k =1,...,N — 2, are bounded. With k = 0 or N — 1 we have

onl = (a,cy) or (cy,b),

where

C

von ([ usat)| < oy b [ )t sl

and hence P is bounded in view of (6.3) and (6.6). We have

ITf =Pflle= sup  [[Tf—PFyf]

ke{0,1,...N—1

= sup |[v(x) {/ ufdt — oy, (/ ufdt)} [0,z
ke{0,1,....N—1} Ck Ck

<2 sup (L) fllese < 2€ flloos-
ke{0,1,...N—1}

oo, I

by Lemma 6.17. Since rank P < N, the lemma follows. O

Lemma 6.19. Suppose that T : Le.(a,b) — Le(a,b) is bounded. Let € > 0 and sup-
pose that there exist N € N and numbers di,k = 0,1,...,K, with a =co < c] <
o+ < cg <bsuchthat of (I;) > € fork=0,1,...,K— 1, where I = (cg,cx+1). Then
ClK(T) > E.

Proof. Let A € (0,1). From the definition of <7 (I;) we see that there exists ¢ €
Leo(I) with |||z, = 1 and such that

inf ||T¢k — oy ||oo‘1k > lﬂ([k) > AE. (6.19)
acR ’
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Set ¢y (x) =0forx ¢ Ir. Let P : Lo (a b) — Lw(a,b) be bounded and rank P < K — 1.
Then there are constants Ay, ..., A,_1, not all zero, such that

K—1
P ( D thq)k) =0.
k=0

Put ¢ = zk A’k‘pk Then
1T¢ =Pl = [IT9]|~

> sup (/ i (1) dt+/ o (1) dt) o
ke{0.1,..., K 1}
= sup (AT P+ oy [|es,

ke{0,1,..K—1}
Ck
( where o = A" / o (H)u(r)dr )
a
> sup inf |ﬁ,kH|T¢k—OCV ||°°~,Ik
ke{0,1,...,k—1} *€R
> sup  AlAkle
ke{0,1,....K—1}
= Ael|@]|-

by (3.1). This implies that agx(T) > Ae, whence the result since A € (0,1) is
arbitrary. a

Corollary 6.2. Suppose that T is compact. Then, for € € (0, (a,D)),
aM(s)+1(T) < 2¢,
ame, (T)>¢,
[7]-1
where Mg = M ((a,b), €) is defined in (6.16) and |.] denotes integer part.
Proof. This is an immediate consequence of Lemmas 6.18 and 6.19. O

To continue, we need some preliminary results and the functions vy given by

() 1= Jim [V oee (6.20)

forx € (a,b).

Lemma 6.20. For any interval I C (a,b), 7 (Iu,v) = 7 (I;u,vs) and </ (I;u,v) =
of (I;u,vy), where ¢ (I;u,v) and < (I u,v) are the functions defined in (6.4) and
Definition 6.1 respectively.

Proof. For any continuous function ¢, it is readily shown that |[vs@ ||e s = ||V ||e. 1,
and this fact yields the lemma. a
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Lemma 6.21. Let I C (a,b), and let ¥, = {Il”}f(:"]) be a partition of I by intervals
I'' which are such that each Il.("H) € U1 is a subinterval of some I](n) € Oy, and

I — 0 as n — oo. Define
1

I(n)
Vi) =X ap(0)el, e} = vs]

i=1

n.,
oo, I!

Then fora.e. t €1,

(i) |[Vslleoq = VE(2) > vs(2),
(i) V(1) \\ vs(t) as n — oo,
(iii) limy—e [;u(t)[VI(t) — vs(2)]dt = 0.

S

Proof. Since v, is upper semi-continuous and bounded, it is known that it can be
approximated from above by a decreasing sequence of step functions. However, we
shall give a proof of the lemma for completeness and subsequent reference.

Ift € int/}", the interior of I}', then v{(t) = ||vs||oo s satisfies

vs(£) < Vi (8) < [|vslen-

This establishes (i), the exceptional set being S = U, NSy, where S, is the set of end
points of the intervals I' € ¥,. If t € intli'E;{l) C intIi’z”) say, we have c’f(“ < C?(n)

i(n+1)
and so vt 1(¢) <v(¢) fort €1\ S. Also, if t € intl}f,,

20 = sl = W, > v(0)

v

as observed in the proof of Lemma 6.20. Moreover, given § > 0 there exists & > 0
such that

vs(t) > HV”w,(tfeo,Hs()) - 4.
Now choose N such that for all n > N,

te int[fén) C (t—&,t+ &).
Then we have that for all n > N,
0<Vi(t)—vs(t) < 8
and hence v!(r) — vs(t) forallz € I'\ S.

Finally, (iii) follows by the dominated convergence theorem since u € L; () and
VS lleot = [1Vslee,s = [Vl < oo o

Lemma 6.22. Let u,v be constant on 1 C (a,b). Then

1
(1) = 5 ullvllf]. (6.21)
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Proof. We have if I = (c,d),

/(1) > Julplinflx—c—f

oo [
1
= lulvllx —c =5 (d =)l
1
= Slulvlil
Let f € Lo.(I) and set F(x) = [ fdt. Then there exist xo, x| € [c,d] such that

F(xp) < F(x) < F(x1), x € [a,b]

and hence
. 1
f[|F — otf]ees < [|F =5 (F(x0) + F(x1)) [|eos
1
= 5 (Flx1) = F(x0))
1 fd
= - t.
2 /%
This yields
1 ™ 1
<l s {3 [ rarh < Sl
[1flloos=1 X0
and the lemma is proved. a

In the next lemma g* denotes the non-increasing rearrangement of a function
g on an interval I: g* is the generalised inverse of the non-increasing distribution
function g of g, namely

g (x) :=inf{r: g.(t) > x} (6.22)

where
gu(t) = [{x e I:g(x) > 1} . (623)

Note that since we have > in the definitions above, g, and g* are left-continuous
functions.

Lemma 6.23. Let 1 C (a,b) and y,8 € R with 8 > vy(t) > 0 on I. Then

1

A (17,8) 2 A (Ly,vs) 2 S1YIIVsx1) (01l 0,11 (6.24)

Proof. The first inequality in (6.24) is obvious. The set

Mg :={ycI:vs(y) > B}
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is relatively closed in I. For if {y, } C Mg and y, — y € I as n — o, then given & > 0
there exists N such that (y — &,y +€) D (yn — 3€,yn + 3€) for n > N. Hence

HVHM,(ny,erS) > Hv”oc_’(ynf%E’ynJr%g) > Vs(}’n) > ﬁy

whence vs(y) > B and y € Mg. From the observed left continuity ensured by (6.22)
and (6.23), we have

s )" ()t o, 0,111y = U(f)l'c‘l]?ﬂ(vsll) (@)t = [(vsxa)* (to)to]

for some 1 € (0,|1]], and there exist B > 0 such that |Mg| = 1y. Choose the optimal
co,do such that Mﬁ C [eo,do] C I. Then, with I = (c,d),

et tsywe) = W) (=) o
> [yinf By () (5 — € — 0) e
= BI7lly— ¢~ 5 (co+do— 26) -
= 2BIY(do—co) > 3 BIrIMg]
= %M [(vsx)™ (t0)t0] = %|Y|||(VsXI)*(f)t|\m,<o,m)-

The lemma is therefore proved. O

Lemma 6.24. Let I C (a,b) and y,6 € R with § > v(t) > 0 on I. Then, for any
a>1,

A 1:7,8) o (7v) < 5 [1(8 dt+'7'2‘2j". 6.25)

Proof. We first observe that

(vexn)" () Z vo(r) := (6 - %) ATENG (6.26)

where V = |’}/| jl(a —Vs(l))dt. For, with § := {x : Vs( ) <0-— WH"}

\% /( Vo ) Vo
— > 6—0+ dt = S
> Js ) 4= St

which implies that

e
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and hence (6.26). Note that (6.26) is trivially true if 6 — ﬁ% < 0. On using (6.21)
and (6.24),

1 1 .
0 < (L7,8) = (Ly,vs) < SINSI| = S VI (Vo) (01| 0.

1
< Liysin -1
< 5171811 = 5 max(rvo(t))
III)
= SIylslt| =5 (6 —— ) (11—
ZW\ 1] 2|7|< |7||I|> (II
V. sl v

2 " 20 2
o
& [ =i+ 1L

IN

which is (6.25). a

Theorem 6.5. Suppose u € Li(I) and v € Lo.(I). Then

2/|u )vs(t)dt < llmmfeM(I €) <limsupeM(l,¢) /|u Vvs(t)dr.  (6.27)

e—-04 e—04

Proof. On using Lemma 6.21, we see that for each 1 > 0 there exist step functions
Uy, vy on I such that

lu—unllrr <,
J @)1 n© =0 de <
and

([Vslleos = vy () = vs(r)

on /. We may assume that

Un = Z éj%w(j)y Vn = z Njixw(j)s
i=1

Jj=1

where the W (j) are disjoint subintervals of 7, and n; > 0.

Lete >0,M =M(I,€), and let ¢y = ¢ (€),k =1,2,...,M + 1, be the end-points
of the intervals in (6.16): with I = [c,d] and I; = I (e ) = [ck, crr1], wehavec=c¢; <
) <---<cyr1=dand

JZ{(Ik) Eszf(lk;u,v) <e,k=1,2,....M,
,!Zf(IkUIk+1)>8 k=1,2,...M—1.
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Then

‘/I|u(t)| vs(t)dt — /I|un(z)|vn(,)dt

<[] (6 =ws(0) i+ [u(t) =y (1) v (1)
<N+ v )
< N1+ [vslleo)- (6.28)

Next, let K := {k: there exists j such that Uy C W(j)}. Then
#K > [%] —2m> % —1—2m, and, by Lemmas 6.9 and 6.24,

M
<—12m>€ < Z A (b Ubygy1;u,v)

2 keK
< Y A bk Ul 13, vy)
kek
+ (o (Ix Uiy 15u,v5) — o (Dg U Ly 13un,vs))
+ (o (g ULy 13un ,vs) — o (b Uy 13, v)) }
1 .
< 5 218w )l
J
+2{HM—“n||1,W(j)||Vs||oo,W(1>
J
a \§/| n;
+—/ i|(vp —vs)dt + ——|W
5 W(J_)|§J|( n—Vs) W)}
1 "
< 5 [lunlvndr + a =l el

/\un\ dt+ /|un|vndt
1 1
1/| (O)lvs()dt K (o +
2 ] -
2J1 Vs n o

by (6.28), for some constant K independent of €. We therefore conclude that

IN

IN

1
limsupeM(l, €) /\ ) vs( )dt+K(Om+ )

e—04

and the right-hand inequality in (6.27) follows since 11 > 0 and o > 1 are arbitrary.
For the left-hand inequality in (6.27), we add the end-points of the intervals
W(j),j=12....mto the ¢;,k =1,2,... .M — 1, to form the partition ¢ = ¢; <
-+ < e, =d, say, where n < M + 1+ m. Note that each interval J; := [e;, e;11] is
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a subinterval of some W () and hence uy, vy have constant values on each J;. We
again use Lemmas 6.9, 6.22, and 6.24 to get

/|Mn‘\/ndt 2 2 JZ{Jl,un,Vn)

J=1J,CW(j

n
z{ (Ft,v5) + 1=t 1. Vsl

1
2/|u,~,| v)dt + a/Jiun|vndt}

< (M+1 +m)£+K<om+é> .

Hence, from (6.28),

%/,\u(t)lvs(t)dt <(MA+1+m)e+K (Om + é)

and the left-hand inequality in (6.27) follows

O
One of the main results of this section is
Theorem 6.6. Suppose that u € Li(a,b) and v € Lu.(a,b). Then
1 rb b
: / () vs(e)d < liminfna, (T) < limsupna, (7) < 2 / lu(t)|vs()dt. (6.29)
Proof. This is an obvious application of Corollary 6.2 and Theorem 6.5 a

Now we consider the case when p = 1: the assumptions from the case p = oo that
u € Li(a,x) and v € Le(x,b) are replaced by

u € Le(a,x),

(6.30)
v € Li(x,b),

for all x € (a,b). On setting a = —B, b = —A, f(x)

,b=—A, f(x) = f(—x), and similarly for u,v
in (6.1), we see that

~ B ~
TFx) =9 (x) / i (1)f(t)di, A<x<B.
JX
But this is the adjoint of the map S : L..(A, B) — L..(A, B) defined by

8 (x)/xﬁ(t)g(t)dt, A<x<B.
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Hence, T and S have the same norms and their approximation numbers are equal
if one, and hence both, are compact (see [41, Proposition I1.2.5]). The results for
T :Li(a,b) — Li(a,b) therefore follow from those proved for the L..(a,b) case on
interchanging u and v.

Theorem 6.7. Suppose that u € Le.(a,b) and v € Ly (a,b). Then

4/ us ()| v(e)|dt < hmlnfnan( ) < limsupna,(T) < 2/ us()|v(t)dt;

n—oo

We conclude this section with the following remark which demonstrates that vy
in the case p = oo (g when p = 1) is important.

Remark 6.4. Let M be a dense subset of (0,1) with measure |M| = o« < 1 and let
u=1,v=yy.Thenvy =1, (v—v;5);=10n (0,1) and so

[V lleo 1) = [Vslloo, 1) = 11 = Vsleo, 1)

for any x € (0,1). Since

Tl 0.1) = 0. 1)] = sup { [ atlvle e}

O<x<l1

where T,,, denotes the operator in (6.1), it follows that

1 Tell = ol = (1 Te = Ty

for the operator norms from L..(0, 1) to L..(0,1). Also

[t =1 < 1= [utolrar

The choice u = )7, v =1 gives an analogous example in the L; (0, 1) case.

Notes
Note 6.1. The main result in this section, that for the (weighted) Hardy operator, as
a map from L, (/) to itself, all strict s-numbers coincide, was first proved in [51].

Note 6.2. The asymptotic results given here were first established in [43] when
p =12; see also [100]. The general case, namely that when 1 < p < oo, was first
proved in [59], where it appears as a special case of results for trees.

Note 6.3. The cases p = 1,0 dealt with here were established in [58].



Chapter 7
More Refined Estimates

This chapter focuses on two properties of the strict s-numbers of the Hardy operator
T : Ly(a,b) — Ly(a,b) : (a) the asymptotic information given in the last chapter
can be sharpened when more information about u# and v is available; (b) the strict
s-numbers form a sequence in [, or weak-/, if and only if u and v satisfy appropriate
conditions.

7.1 Remainder Estimates

In this section we improve the asymptotic results of Sect. 6.4 concerning the strict
s-numbers of T : L,(a,b) — Ly(a,b). To do this we will be forced to introduce
conditions on the behavior of the derivatives of u and v.

We start this section with some observations about optimal approximation via
step functions. Suppose u € L,y (a,b), v € L,(a,b) and let o > 0. We define mq € N
by the following requirements:

There exist two step-functions, uy and v, each with my, steps, say,

e (X) = & (), va(x) = 21 Vi Xowa () (%), (7.1)
Jj=1 j=

where {wg( j)}';:‘l is a family of non-overlapping intervals covering (a,b), such
that for '

0y = [[u— g (ap) and oy = [[v—vallp(ap)

we have

1

max(au,av) <o (7.2)

and

2) for any step-functions u[,,v}, with less than mg steps, say ng steps,

/ /
max(”” - uoc”p’,(a,b)a ||v - voc||p,(a,b)) > Q.
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Thus, mg is the minimum number of steps needed to approximate u in L,y and v
in L, with the required accuracy. Note that, plainly,

|lee — ua||p',(a,b) <a, H"_VOCHMM) so.

The best way to choose &; and y; for given {wa} '@, is by finding &; and ; such
that:

) =& sen(ute) — G)ar =0

and

[ o) = il sen(v(0) - wi)de =0
wa (i)

(see [115], Theorem 1.11).
It turns out that the relationship between o and my, is crucial for us; we next
address this matter.

Lemma 7.1. Suppose u € C(a,b) L,y (a,b) andv € C(a,b)NLy(a,b), at least one
of them, say u, being non-constant. Then, when o decreases to 0, my, increases to oo.

Proof. We show that given m € N there exists o > 0 having my > m. The fact
that  is continuous and non-constant on (a,b) guarantees the existence of pairwise
disjoint subintervals I, I, .. 12m of (a,b) on each of which u is non-constant.

Fix o > 0 satisfying X7, |lu — i, || ' > o for every set of m intervals
from among 11,5, ..., Ly. Now to any partltlon {wa(j >}j=1’ of (a,b) into m

non-overlapping submtervals there correspond Iy, I, , - -, I, such that each Iy; is
a subset of some w, (i) and hence

m m p’ ,
z ”u_uwa( p wa(j z Hu—uW&(i)”pﬂQ{. > ol

Therefore my, > m. O

Lemma 7.2. Suppose u € C(a,b) L, (a,b) and v € C(a,b) N Ly(a,b), at least
one of them, say u, being non-constant. Fix o« > 0 and set Aq = {f:0< B < &
and mg = mg }. Then Ag is an interval with y = inf Ay and y € Aq.

Proof. Clearly, A is nonempty, since & € Aq. Again, m) > m;, whenever A < 42,
s0 A is convex and hence an interval, possibly equal to {oc}.

It follows from Lemma 7.1 that y > 0. Now, if A} = {a}, so that y = «, we
are done. Otherwise, there exists a sequence {ocn} in Ay with oy, N\, 7. Let ug, =
30 Uy () Xowayy () AN Ve, = 20 Vi () Xowey, () @S 0 (7.1), s0 that

maX(HM - uall||p/,(a,b)7 ||V - van”ﬂ-,(d-,b)) S a”’

Assume the notation has been chosen to ensure the end points of wg, (j) =
(ch,d}) satisfy a = c} < d < ol < <d" =b,j=1,2,....myg—1.
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There exists a sequence n(k),k = 1,2,..., of positive integers and numbers
el 2. e dY d?, ... d"™ such that

O A | im ) — i -

hlgncn(k) =c/, h,fndn(k) =d’, Jj=12,....,mg,
and ) )

a=c' <d <t <am™ =p, j=1,2,...,mq.

Observe that, setting

uy—Zuc/dz X(ci di) and vY—Zvcm X(ci diy
we have
max(”” - ”‘Y”p’,(a,b)v ”V - VY”p,(a,b)) =7
which forces my, = mq. a

Lemma 7.3. Suppose that u € L,y(a,b) N C(a,b) andv € Ly(a,b)NC(a,b) are not
equal to zero on (a,b); let at least one of u and v be non-constant on (a,b). Then
there exists oy > 0 such that given any o, 0 < o < o, there exists a 3,0 < B < ¢,
with mg =mg + 1 0rmg =mqg+2.

Proof. Say u is non-constant on (a,b). We take o to be the positive distance of
u from the closed set {ky;k € R,0 < |I| < oo} in L' (a,b). Observe that mg > 2
whenever 0 < a < 0.

Fix a,0 < a < 0. By Lemma 7.2, my = mg, where y = inf A. Hence, there

exists a partition {wy(}) myl of (a b) whose corresponding step functions, u, =
2’}2‘1 Uy () Xow,(j) A0 vy = Z wy () Xw (j)» Satisty

max({|u —uyl (@), IV =villp(an) = 7-

If H” - ”YH[)’,(u,b) > HV - VYH[),(u,b) then for some jO» 1< jO <mg,

> 0.

14
1t = 2t 1 sy )

It is possible to find a point c in the interval wy(jo) = (d,e) such that

/
St LR PR (A PRI A

Let wi(j) = wy(j), j = 1,2,....j0o — Ljo + 1,...,ma, wy(jo) = (d,c) and

wy(mg +1) = (c,e). Then, {w/(j )}’""‘+1 is a partition of (a,b) with associated step

j=1
functions u, = Zmﬁ‘H L) Xty () and vy ZT:“]’LI Vit (j) Xt j) Such that

max(”” - ugfllp’,(a,b)a ”V - V/y”p,(a,b)) = ﬁ <Y,

and so mg = mg + 1.



132 7 More Refined Estimates

Similarly, when |[v —vy||, () > [l — tyl| (4., there is a B € (0, &) with mg =
me + 1.

Suppose, then, [|v —vyl| (a.p) = |t — tty|l 7 () = ¥ > 0. As before, we can find
an interval wy(jo) = (do,ep) and a point co such that

/

r r 14
”M o MWV(jO) ||p’,w7(j0) > ”u ~ U(dy,co) ”p’,(do,co) + ”u T H(coen) Hp’,(co,eo)’

and an interval wy(j1) = (d1,c1) and a point ¢; such that

p p P
lv— VWV(-"1>”P7W7(J'1) e V(dlv”l>||177(d1761) +v- v(clvel)”l’-,(qm)’

Now, if it is possible to have jo = j; and co = c; we can get B € (0, o) with mg =
mg + 1. Otherwise, we can only conclude there is a 8 € (0, &) for which mg is one
of mg + 1 and my + 2. O

Lemma 7.4. Let —oo < a < b < o and suppose that u' € LP'/ ") (a,b) N C(a,b).
For each small h > 0 define

1
=il =xi+hforiel,....[2/h];

put J; = (a,b) N (x;,xi41), i €1,...,[2/K].

Then
D) e 1P (P 1)
P/ — i . P/

/a |u' (2)] dt %m}) ,':21 |J,|1)1C1€ab)l(\u(x)\
2/n?] S
— i | mi / /(P +1 )

= lim '=E |J|mxe1jril ' (x)|

Proof. Simply use the definition of the integral.

We are now prepared to establish an important estimate for limsup,,_,, ame.

Theorem 7.1. Supposeu € Ly(a,b), v € Ly(a,b) andu’ € Ly (,y41y(a,b)NC(a,b),
V'€ Ly pi1y(a,b) NC(a,b). Then

1imsoup o < c(p, p") Uy (1) () 1V (041 a))-
a—0,

Proof. As the result is trivial if both u and v are constant we assume that at least one
of them, say u, is not.

Given 3,0 < B <infeer ||t — || (ap), let wp (i) = (ai,ait1), i=1,2,... g, be
a partition of (a,b) satisfying

u

”u*”wﬁ(i)Hp’,wB(i):ﬁa i:1727"'7nﬁ_17
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and ||u—uwﬁ(,») y<B,i= njg. Fix A, 0 < A < 1, and define the [lng] points

X by the rule that 1f (a b) is bounded, then

b _
X = a4+ 2—2k, k=1,2,....[An});
?Lng

if (a,b) = (—oco, o), then, with h = (27 )"/2,

}’l

‘@:

X1 = ——

W Xer1 = Xx +h, k:1,2,...,[7ml'§];

for other types of intervals we proceed in the same sort of way.
From the union of the points ay,as, . .. Sl +1andxy,x,... Xans] arrange them

in ascending order and denote the resulting points by b;,j =1,2,...,J(B) +1, so
that nig < J(B) < nj + [ln"]. Put If = (bj,bj+1),j =1,2,...,J(B). We observe
there are at least njg [)Ln ] intervals I ]ﬁ with

17 = wp (i)

for some i.
Now,

Z””*” ||17/17+1 2 |max|u |p/p+l)

» B
1 j=1 xe]i

Again, setting N =#{j : Iﬁ_wﬁ() forsomez<nﬁ} we have N > nig — Mn |-
and

(B)

B0 o — [y — 1) < ﬁ”“’“N<Z||u—u ol
Jj=

<y 19 fma o ()71,

j=1 xelj

Thus, by Lemma 7.4,

hmsupﬁ”/”“( — [Ang)) /\u )PP g (7.3)
B—04

Similarly, if neither v is constant, there exists, for 0 < < infecg [|[v —cl[, (45 2

partition {wi3 (z)}?ﬁl such that
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H"_"’ .pr/ N =B, i:1,2,...,nE—1,
IIV—V' )lparyi) < B i=ng,
and
hﬁmsoupﬂp/ P ( — [Ang]) / |V (x)P/ (P g (7.4)
—04

Put o = max[(B” (np + [Ang])) 7, (B (np + [Ang])) /7).

0<B< min[cigﬂg [l — c|‘plv<“vb>’cig]£ v ——cllp,(ap)

where ng = n’[‘; +nE if v is not constant and ng = n% if it is. Note that (7.3) and (7.4)
imply oc — 04 as 3 — 0.
Taking the refinement of the partition {Il3 } B) Y/ and the analogous one for v (if

necessary) we get a partition of (a,b), of at most ng + [Ang] subintervals, whose
corresponding step-functions uy and vy, satisfy

max(||u— ol (ap); |V = Vol p(ap)] < ﬁmax[(nﬁ)l/ﬁ ’(nfs)l/”] <a.

This means
M §nﬁ+[7m3];
hence
limsup(amg) < limsu ng — [Ang])\? 1’<—>
OHMP( a) ﬁ—>0+p B(ng — [Ang]) ns — Ang]

+limsup lﬁ (ng — [Ang])P+1/P
B—04

< limsup B (ng — [Ang]) " +/7
B—04

+limsup [B (np— [lnﬁ})(pﬂ)/p (
B—04

< e P N 41 () <_1 'y
o (p+1)/p
(P P) IV p/p41),(ah) <—1 ) '

Since A may be chosen arbitrarily small, we obtain

1imsoup ome < c(p, P YU | pra),tae) + 1V 1 p /o1 (a)) s
o—04

as asserted. O
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Next we obtain a remainder estimate which improves the result of Theorem 6.4.
Theorem 7.2. Let —o <a < b <oo, letu € Ly(a,b), v € Ly(a,b) and suppose that
u' e Lp//(p/+1)(a,b) NC([a,d]), Ve Lp/ (p+1) (a b)NC([a, ]) Then

lim sup

yp/ |lu(t)v(t)|dt — eyN|N'/?
N—oo

< e, PV 1)ty + 11V o) ) (el ) + 111 )
+3%l[uvll1, (@),
where ¥, is as in Theorem 5.8, ey as in Lemma 6.14 and c(p,p’) is a constant

depending only on p and p'.

Proof. Let o > 0. Then (see (7.1) and (7.2)) there are my € N and step-functions
Ug , Ve SUch that

e = ullp (ap) < @, Ve =Vl (ap) < 0

and {we, () ;f;“l is a corresponding family of non-overlapping intervals which cover
(a,b). Plainly,

b b
[ ] = wavalat <1 [ v = wava)dt] < el a + 1V 0+ ). (7.5
a a

Let N > 1 be such that the corresponding &y > 0 from Lemma 6.14 is small and let
{Ii}f.\’: | be the non-overlapping intervals which occur in the definition of gy.

Put J; = {j;l; C wq(j) forsome i}, J» = {j;wq(j) C I for some i}, J3 =
{jswa(J) € I; & wa(j), foralli}, Ly = {i;I; C wy(j) for some j} and L, =
{i; for allj,I; ¢ wo(j)}. Then we see from Lemma 6.8 that

yp/abuavadt =% (2 + 2 + z> Eivilwa(j)]

JEJ] JjE€H  JE&
S 2 %([[,M(x,vd) +2 2 ﬂ([hua,vtx)

€Ly i€ly
+ Y wEivilwa (). (7.6)

NS

Lemmas 6.9, 6.10 as well as the estimates

Y&ivilwa (i) < o (Wa () Uasva)
< & (wa (), u,v) + [ = uall p ywe () IV = Vel pwati)
+||u||p Wa (j HV_VOthwa(')

+||u_u06||p Wa, HV”pwa)
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and o7 (wo (j),u,v) < & (I;,u,v) < ey for we(j) C I; now show that the right-hand
side of (7.6) may be estimated from above by

2 A (L;,u,v)+2 2 o (li,u,v) + emyg,
Licwal(j) Ligwa(j)

F3Z (=l gl vl s+l gl vl 0
-
Fllu—uall g VIl p.g)-
To proceed further, note that <7 (I;,u,v) < ey,
#{i: I; Cwu(j) for some j} <N

and
#{i: forall j,I; Z wa(j)} < mg.

It follows that

b
}/p/ Ugve < Ney +3myéen
a

N

+3 3 (lu = uall IV =vallps + |
i=1

pailly=vallp

Fllu—ually gVl ps)
< Ney +3maey + 202 +20([lull .0y + IV p.any)- (7-8)

On the other hand, since <7 (I;,u,v) = gy for 2 <i <N and N — 2mqy < #{i;I; C
we (j) for some j}, we see that

(N—2mg—1)ey < > o(Ij,u,v)
LiCwa())
= z %(Iiauaa"a)
LiCwa())
+ 2 o (L, u,v) — A (Ij, U, V)]

;Cwa(j)

< 2wl

LiCwea())
+ Y (lu—ualysllv=vallps

LiCwa())

il = Vel + e =l 1)
b

< | luavaldr+ o+ ol asy + VI )
a

b
< yp/ |uv|dt 420
a
+20([|ullpr (a,) + IVl (a0 (7.9)
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the final inequality following from (7.5). Together with (7.8) and (7.5) this shows
that

ev(N — 2mg — 1) =20 = 20(|[ull (a.) + V]l (0.
b
< }/p/ |uv|dt (7.10)
< en(N+3me) + 307 +30([[ull y (a) + V] . (a)-

From Lemma 7.1 we can see that for any N > 1, we can find o« > 0 such that
My > [N'/2] > mgy — 2. Then (7.9) gives

b
Nl/zm’/ |uv|dt — Ney| < 3Ney +3a*(NY2 - 1)
a
+30([[ull () + 1V ()N

Let N — oo; then gy — 0 and my < N'/242 — oo and so o0 — 0. Hence

hmsule/2|yp/ |uv|dt — Ney|

N—soo

< 3limsupNey + 31imsup052N1/2

N—o0 N—o0

+311}V115up aN1/2(||u”p’,(a,b) + ”V”p,(a,b))‘

Since limy—... NN =, [, : |uv|dt, by Theorem 6.3, we finally see, with the help of
Lemma 7.1, that

limsup N1/2|yp/ |uv| — Ne|

Nesoo

< 3yp/ |uv|dt
+3¢(p, D) 14 | (1)) F 1V p1),a) Ul ) + V1] )

as required. a

Armed with this result it is now easy to give the promised remainder estimate for
the strict numbers of T : L,(a,b) — L,(a,b).

Theorem 7.3. Let —oo < a < b < eo, suppose thatu € Ly(a,b), v € Ly(a,b) and let
u' € Ly 1)@, b)NC((a,b)), V' € L,/ (p41)(a,b) NC((a,b)). Then

b b
limsupn'/? }/p/ uvdt—n'sv,,(T)’ §3yp/ |uv|dt
Nn—o0

+3C(p,p/)(HM Hp’/p+l)(ab +||V ||p/ (p+1),(a,b )(”u”p a,b) +Hvl|p ab)

where 7, is as in Theorem 5.8 and s5,,(T) stands for any n-th strict s-number of T.
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Proof. Simply use Theorems 6.2, 6.3, 7.2, Lemma 6.14 and the fact that

lim n'/%a,(T) = 0.

n—oo

O

If the interval (a,b) is bounded, it follows immediately from Hoélder’s inequality
that Theorem 7.3 gives rise to

Theorem 7.4. Let —e < a < b < oo andssuppose that u',v' € C([a,b)). Then
limsupn /2|}/p |uv|dt — ns, (T)|
a

n—o0

b
§3Vp/u uvldt +3c(p, p') (b = a)([1'll . (ap) + 1V 1l p.a) (Nl ) + V1 ) -

From the following observation we can see that any optimal exponent of n in
Theorem 7.3 has to belong to [1/2,1].

Remark 7.1. Let —oo < a < b < o with ¥, is as in Theorem 5.8.
(i) Let o < 1/2. Then forevery u € L,y(a,b), v € Ly(a,b) with
u € Lp//<p/+l)(a,b) ﬂC([a,b]), Vv e Lp/(erl)(a,b) ﬂC([a,b])
we have

limsupn®

n—oo

b
yp/ vl — n's;l(T)‘ —0.

(i) Let o > 1. Then there exist a and b, and functions u and v satisfying the
conditions of Theorem 4.2 on the interval defined by a and b, such that

limsupn®

n—oo

b
}/p/ uvdt—n:vv,l(T)’ = oo,

Proof. (i) This follows from (7.10) on putting my, = [N%] or [N¥] + 1.
(ii) Take (a,b) = (0,1) and u = 1, v =1+ x. Then from (7.10), with my, = [N%] a
lower bound results which is unbounded as €y — 0 and the claim follows. O

7.2 The Second Asymptotic Term

In this section we shall obtain a bound for the second asymptotic term. To do so
conditions on «’/u and v/ /v must be introduced as we shall see.
We start with the following obvious lemma about .7 (I).

Lemma 7.5. Let I = (c,d) C (a,b); let luy| > |uz| > 0 and |vi| > |v2| > 0. Then

%(I,ul,vl) ZQ{(I,M27V2) >0
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Now we are ready to prove the following lemma about the behaviour of eN(¢€).

Lemma 7.6. Let 1 < p <oo, I = (a,b), uc Ly(I), veELy(I)and (V'/v),(u'/u) €
Li(I)NCla,b]. Then

Al/iirL‘N [sNN yp/|u )|dx]
< /] u(x)v(x)dx [ /I ‘;/((—j:))dx+ /1 L::((j)) dx+ 7,
() ()]

where 'y, is as in Theorem 5.8 and ¢y is defined as in Lemma 6.14.

Proof. Take N > 1 and set € := gy. Let us recall that when N — oo then &y — 04
and vice versa. Consider N so large that ||T|| > € > 0. Then according to Lemma

6.14 we have the following partition: / = UY I, &7 (I;) = € for i = {2,...,N} and
&/ (I}) < €. Define the following step functions:
-+ .
,€ €
=2 (), v ) = v ()
i=1 i=1
N N
- —,& -, . —,&
wot () =D (6, v ) = v ()
i=1 i=1
where
wf =suplu()l,  u; € = influ(x)|
x€l; xel;
v € = sup v(x)|, v, € = inf [v(x)].
x€l; xel;
Then we have from Lemma 7.5:
Yot Vi “W < o (1) < Ypuu" v L), (7.11)

and we can see that

/1 € (x)v dx</\ \dx</ (e ()d.

Now we estimate the following quantity from above:
K(e) == / (W () (x) — ™ (x)v 8 (x))dx
1

_ Z‘I +8 +€ i—,Svi—,S)

=
+
™
I
™
I
[
|
N

,€ ,€ € —,E s s
= DIV = Y
1

=
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Denote u; = |I;| maxyey, ' (x)| and v; = |;
With the use of (v —

v;€) <v;and (u;°
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V(-

—,€
u; ") < u; we have

N
< 31t i it vy ]
i=1

<use Yollilu;, v, f < o (I;) < s)

€ N M%"E Vi v, € u;
—_ z x4 ' + -t '
—& — € —€ —

Yoizi [ "V i i
N
+ul 7 £ Uj
<ty tu —
Y i1 '4, Yiziu
N
€ £ u;
< _Z I+ —= +£ =€ :
17 i=1 i YF i=1 Ml
N N
€ u; € u;
S _2 1+2 l _1’8 l’
Y iz - ; =y
e & € i Vi
,€ —,€
}’ﬁllu izivi’
N Vl, Ny
= > —=
i=1 Vz i=1U;
From (7.11) we have:
N N et
—,& —,E ,€ €
N vpu; v f|L| < eN  and N vpu v > e(N - 1)
i=1

and then

N —
2 Yolt;
=

which gives

and

i=1

VL] - }/p/\uv\ dx < sN—yp/uv dx
1 1

N
2 u; EvE L 4 e — yp/uvdx

—K(¢) geN—yp/|uv| dx<K(e)+e
I

—NK(e) <N (eN—y,,/|uv| dx) < NK(g)+¢€N.
I



7.3 I, and Weak-1, Estimates when 1 < p < oo 141
Using limy ... eyN = limg, o, evN =, J; |uv| dx and

/ / / /

. K(en) l/u 1/v l/u/v’
lim — = — [|Z|+— [|=]|+= [|=]| []|=
N—e  En Yo Ji|u Yo J1|V YoJr|ujJr|v
we obtain:
limsupy_,., [N <8NN }/,,/|uv| dx)’

vl

™ )-H/p/]|uv|.

< (o) R 5 AL

The following theorem give us a bound for the second asymptotic.

Theorem 7.5. Let 1 < p < oo, —o<a < b <eoandl = (a,b), letuc Ly(I),ve
Ly(I) and (V' /v), (' Ju) € Ly(I)NCla,b]. Then

0 157) = flutviolax|

< [utmonas | [|2 avs [0
(1) (11
1

) (1))

where 5,(T) stands for any strict s-number of the Hardy-type operator T.

V
12

limsup

n—o0

' (x)

dx+7v

Proof. From Theorem 6.2 it follows that for each N > 1 we have gy = §,(T), which
concludes the proof. m]

Theorem 7.5 gives the following information about the second asymptotic:

52(7) = 2 [ ()l dx-+02),

7.3 1, and Weak-/, Estimates when 1 <p <

In this section we start by introducing a sequence which helps us to generalize
Theorem 6.4 and then we show that on sequence spaces [, and weak-/, the beha-
viour of this sequence is similar to the behaviour of a sequence generated by strict

s-numbers.
With U (x) := [ |u(t)|? dt, we define & € R™ by,

U(&) =277, (7.12)



142 7 More Refined Estimates

if u ¢ L,y(a,b), k may be any integer, but if u € L, (a,b),2k'/P < [|ul|,y. We shall
refer to the range of possible values of k as being admissible. For each admissible &
we set

o= Uz, Ze= (&), (7.13)

so that
27 )1v]|p 2, < 01 < 25FVP||y |, 5. (7.14)

For non-admissible k we set o = 0. The sequence {0} is the analogue of that
defined in [2, Sect. 3], which in turn was motivated by a similar sequence introduced
in [5].

We recall Jensen’s inequality (see, for example [82], p.133) which will be of help
in the next lemma.

Theorem 7.6. If F is a convex function, and h(.) > 0 is a function such that
Jyh(t)dt = 1, then for every non-negative function g,

F([he)g(t)dn) < [ )P (s(0))d.

The following technical lemma has a central role in this section.

Lemma 7.7. Let ko,k1,ky € Z with kg < ky < ko, ko < kp, and let I; = (aj,bj) (] =
0,1,...,1) be non—overlapping intervals in (a,b) which are such that I; C Zy, (j =
1,...,0), a0 € Zi,, bo € Zi,. Let x; € 1; (j =0,1,...,1) and xo € Zy,. Then, if o > 1,

1

% Lo\ o
S = Z (/ |M(I)|p dt) HVHp,(xj-,bj)
aj

Jj=0

< 20‘/”(2“/”+1)krga§k o (7.15)
1 SNSKp

Proof. On using Jensen’s inequality, we have

/

Cy+1 , o/p !
s < ([0 ar) I g0+ 3l b,
=1

ko
f k p a/p

(ki +10p'/p _ okor /9 \ 7 On’ o o
< (oMo gho'/r) o) O, M5,
(by (7.14))

a/p

< olkitDa/p (ploki o op +{2(k2+1>/n&}“
- k<n<k, " 2k2/p

2/ C Loty T \®
< 4 2+1)/p_ 12
- {2 kfé’fé‘kz G"} + {2 2kz/p} ’

whence (7.15). O
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Lemma 7.8. The quantity ¢ (a,b) defined in (6.4) satisfies

I (a,b) <2YP2YP £ 1) supoy <22/P(2YP 1) _# (a,b). (7.16)
k

Proof. From (6.4) and Lemma 7.7 with ¢ = 1,

F(a,b) <2'721/P £ 1)supay.
k

Also

or < 2(k+1)/p||v|
2(k+1)/p
< W||”||p/,(a,§k)||V||p,<§k,b)

<27 g(a,b).

PZy

O

Corollary 7.1. The operator T : Ly(a,b) — Ly(a,b) is bounded if and only if the
sequence {0} € l, in which case the norm of T and that of the sequence are
equivalent:

171 = [1{ 0%} [|e-- (7.17)

Also T is compact if and only if lim;_ ., o = 0.

Proof. The first part is an immediate consequence of Theorem 4.4 and Lemma 7.8.
We also have from Lemma 7.8, as in the proof of Lemma 7.8,

S (a.G,) <2727+ 1)max o, < 22727 +1) 7 (a,8p41)
nxkz

and

S (&g:b) <21PQ2YP 1) max o <22PQ21P 1) 7 (Gp-1.b)-
n=kKo

Since &, — aif and only if ky — —eo, and &, — b if and only if kg — oo in the case
u ¢ Ly (a,b) and otherwise to the largest admissible value of k in the definition of
Oy, the corollary follows. a

The main result is

Theorem 7.7. Suppose that 1 < p < o and (6.2) is satisfied, and that Y,,c7, Oy is
convergent. Then

b
liminfnp,(T) = 7, / lu(r)v(1)|dr, (7.18)

where p,(T) stands for any strict s-number and ), is as in Theorem 5.8.
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Proof. Let] = [c,d] C (a,b) and suppose that ¢ € [, Exy+1], d € [Ex,» Ek,+1)- Take
€ > 0 sufficiently small. Then according to Remark 6.2 and Lemma 6.11 there exist
M(g) > 3 and a sequence a = ap < aj < ... < aye) = b such 7 (a;—1,a;) = €
fori=2,...,M(&) = 1, [| T, (qp.a))ll = € and & (aps(e)—1,am(e)) < €. Define I(€) =
(aj_1,aj), j=1,2,...,M(€), forming the covering of (a,b).

For the above € we define, according to Remark 6.2 and Lemma 6.11, a partition
of I into M(1,¢) subintervals {J} ("€) such that |Tes || =€, &/ (J;) =€ fori=
2,...,M(I,e)—1, and JZ{(JM(I,E)) < 8

Set
mo(e) =#{j:1;(€) C la,c]}
mi(e) = #{j: 1(e) C a,d]}
Then
my (&) —mp(e) <M(I,e)+ 1
and

g(M(s) ~M(l,e)—9) <e ([moz(g)} + Még)] - [””2(8)} - 2)
!

[mo(€)/2] M(g)/2
< Z o (hj_1Ubj;u,v)+ Z o (hj—1Ubhj;u,v)
j=1 j=lm(e)/2]+2
[mo(€)/2] [M(g)/2]
< /(121 1Ubju v)+ z /(Izj 1Ubju V)
j=1 j=lmi(e)/2]+2
53 03 Y o
n<ko n>ki

on using (6.8) and (7.16).
It follows from Theorem 6.3 that

limsupeM(e) < }/,,/é

e—04 ko

Sk, +1
Vo uve)di+3( Y ot Y ou
n<ky n>ky

which yields
limsupeM(g) < yp/ |u(r)v(z)|dr.

e—04

On setting n = M(€) + 1 in Theorem 6.2, we get € > a,(T) and hence

limsupna,(T) < }/p/ lu(t)v(z)|dt.

n—oo
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Similarly, from Theorem 6.3,

liminfeM(g) > yp/ lu(t)v(r)|dt,
£—0 +
and from Theorem 6.2,
liminfni,(T) > yp/ |u(t)v(z)|dt.
Nn—o0

O

Next we show that the sequences {p,(T)},cn :{0n},cz, Where p,(T) stands
for any strict s-number, belong to /; and weak-I, sequence spaces with the same
exponent g, and have equivalent norms. We first need some preparatory results.

Lemma 7.9. Let I = [c,d] C (a,b) and, for € > 0, suppose that
o(e):={k€Z:Z,Cl,op>¢€}
has at least 4 distinct elements. Then <7 (I) > €/8.

Proof. Let Zy,,i =1,2,3,4, ki < ky < k3 < k4, be 4 distinct members of o (), and
setf; = (éklvékz)v L= (§k2+17§k4)' Then, with fO =Xn +Xn>

) = it o) [ W0t~ )
/Il|u(t)|dt—oc

= igfmax { ||VHp,Zk2 |2k2p’/17 _okip'/p _ al,

> ixollfmax{|v||p,zk2 Vllpz,

/MZ u(r)|dr — o }

Wz, |2keP' [P it [P kap'/p o+ 1)p'/p oc|}

. € ko ki
> __ & kb /p _skip'/p _
> 12fmax { XCESITr: |2 2 o,
&

2(ka+1)p'/p) |
(zw’/p_ Skt 1)p! /p) > &

2kap'[p _okip'/p 4 ks /P _ p(kat1)p' [P _ a|}

S £ 1
= 2ksp'/p 112

OO

O

Lemma 7.10. Let € > 0 and M(g) = M((a,b),€), where M((a,b),€) was intro-
duced in the proof of Theorem 7.7. Then

#{kcZ: o> 8¢} <5M(g)+3. (7.19)
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Proof. Clearly, with I; = (a;_1,a;) the intervals obtained from Remark 6.2 and
Lemma 6.11 when I = (a,b),

#{k€Z:ci€Zforsomeic€ {1,2,....M(e)}} <2M(e).

Also, for every k € Z not included in the above set, Z; C I; for some i € {1,2,...,
M(g)}. Hence, by Lemma 7.9,

#{ke€Z: o, >8e} <2M(e)+3(M(e)+1)

= 5M(g) +3.
O
Lemma 7.11. Forallt > 0,
#lkeZ: o>t} <10#{keN:q/(T)>1t/8}+23. (7.20)
Proof. By Theorem 6.2,
M
#lkeN:q(T)>e} > %72.
Hence, by Lemma 7.10,
#lkeZ: oy >t} <5M(t/8)+3
<#{keN:a(T)>1/8}+23.
O
Lemma 7.12. Forall g >0,
IO 12 2y < 10 B {ar(D} 2 gy + 23 {3 1Lz (T2D)
Proof. Let A = || {0t} || (z)- Then, by Lemma 7.11,
q Ao
1o} 12 ) = q/o { Ik ET: o > 1)di
A
<10 q/ 174k € N:ai(T) >1/8}dt + 2319
0
<10 (89 {ax(T)} [ ) +232%
O

Corollary 7.2. For any q > 0 there exists a constant C > 0 such that

[{oi} 1,2y < Cll{ax(T)}H Iz, v (7.22)
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Proof. By (7.17),

[ {0k} [li.(z) < CIT|| = Cai(T)
< Cl{ar(T)} i, -

The result then follows from Lemma 7.12. O

Theorem 7.8. For g € (1,%0), {ax(T)} € I4(N) if and only if {o}} € I,(Z), and

{0} li,z) = 1H{ax(T)} 1, -

Proof. Define
N(I,e) :=inf{n: I=U_ L, 7 (I;) <€}

Since 7 (c,d) < |[ully (c.a)llV|lp,(c.a) for any (c,d) and |.||, is absolutely contin-
uous, then N(I,€) < oo, Let [;,i = 1,2,...,N(¢g), be the intervals in N(I,&) with
I = (a,b) and N(g) = N((a,b),€): note that in view of the compactness of T and
continuity of _#(.,.), we have _# (I;) = €. We group the intervals J; into families
F;,j=1,2,... such that each F; consists of the maximal number of those intervals
satisfying the hypothesis of Lemma 7.7 : they lie within (&, &, +1) for some ko, k>,
and the next interval Iy intersects Z, 1. Hence, by Lemma 7.7, there is a positive
constant ¢ such that

e#F; <c max o, = CO;,
ko<n<k; ’

say. It follows that, with n; = [coy; /€],

IN

M :M
[

IN I
=
M T
3+ 3+
e T
~.
o
(o) \Q
vV
3
——

k:o > "8 } . (7.23)

3
I

Thus, if {0y} € [,(Z) for some g € (1,00),

o & t
1IN < / 14k o >n—}dt
q/o (1) _qong,l { >

= ch/ Y n s 4k op > s}ds
0 p=1

= H{o} I} ) (7.24)
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where < stands for less than or equal to a constant multiple of what follows. From
Theorem 6.2, ay(¢)+1(T) < 2€ and so

#{keN:q(T) >t} <M(t/2)+1
< N(t/2)+1.

This yields
Har(T) I = 0 | 0 {k € N2 au(T) >t}
171
<q/ (1[N 1] e
= ll{oi} \|;g<z>+ )

= {ox} HZ;(Z)

by (7.24) and since ||T|| = | {ox(T)} ||r.z) < {0k} [l1,(z) > by (7.17). The theorem
follows from (7.22). a

The final result in this section concerns the weak I, spaces, which we denote by
lg.0 (Ig in the Lorentz scale). Recall that [, ,(Z) is the space of sequences x = {x; }
such that

¥l oz = sup {1 [#{k € Z: e > 1}]/9} <
t>0

The space I, (N) is defined analogously.

Theorem 7.9. For g € (1,%0), {ax(T)} € l,o(N) ifand only if {0y} € 14,0 (Z), and

{0} 11, (2) = 11{ax(T)} 1, 0 )

Proof. Suppose {0y} € ly,»(Z). From Corollary 3.3 and (7.23)

{ar (T}, o = Sup{ﬂM( )}
< sup{t"N( )}

>0
< 2 t%#{k: o > nt/c}
n=1

C

< Z o1 oy (5)” 2 MO, o
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Now suppose that {a;(T)} € l;,»(N). From Lemma 6.3,

sup (t'#{k € Z: 0 >t}) < sup (tq (#{keN:ak(T) > é}—&—l))

>0 >0

Since

#{keN:ak(T)>%}Z

for sufficiently small ¢, we conclude that

sup (194 {k € Z.: 0 > 1}) < sup (1 {k € N: ay(T) > é}) .

t>0 t>0

This implies that {0y} € lg.0(Z) and || {0} (|1, ,(z) = [[{ax(T)} [I1, o). The theo-
rem is therefore proved. a

7.4 1, and Weak-/, Estimates, Cases p =1 and o

We extend results from the previous section to cover the cases p = 1 and oo.
The case p = oo
The assumptions made on u, v here are that, for all x € (a,b),

u€Li(a,x), (7.25)

and
V € Loo(x,b). (7.26)

We set U (x) := [} lu(t)|dr and define § € RT by
U(&) =24 (7.27)

if u ¢ Li(a,b), k may be any integer, but if u € L, (a,b), k is constrained to satisfy
2K < ||ul|1. For each admissible k we set

Ok := [[uv]|ez,, Zk = (&, Ext1), (7.28)

so that
| Vllez < 0 <24 V]|eo 2, (7.29)

For non-admissible k we set oy = 0. The sequence {0y} is the analogue of that
introduced in the previous section. Then by a simple modification of the techniques
used when 1 < p < e we obtain the following theorem.
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Theorem 7.10. Suppose that (7.25) and (7.25) are satisfied. Then

(i) T is a map from Le.(a,b) into Le(a,b) is bounded if and only if {0y} € lw(Z),
in which case
1T = (1 {0k} 1 (z)3
(ii) T is compact if and only if limy_, ., 0 =0

(iii) If {ow} € L (Z),

1 b b
: / [u(o)|vs(r)di < Timinfna, () < limsupna,(T) <2 / lu(r)|vs(0)dt,
a n—o0 a

n—oo

where vy is as in (6.20)
(iv) For g€ (1,), {ax(T)} € I,(N) if and only if {0y} € l,(Z) and

[{oi} l1,2z) = 1 {ar(T)} 1,003

(v) For g€ (1,00), {ai(T)} € lg,o(N) if and only if {0y} € l;,(Z) and

{0} l1y.0z) = [{ar(T)} 1, 0m)

The case p =1

Here the assumptions (7.25) and (7.25) on u and v are replaced by
u € Lo(a,x), (7.30)
v € Li(x,b), (7.31)

for all x € (a,b). On setting a = —B, b = —A, f(x) = f(—x), and similarly for u,v
from the definition of 7', we see that

A B A
Tf(x):ﬁ(x)/x i (1)f(0)di, A<x<B.

But this is the adjoint of the map S : L.(A,B) — L.(A, B) defined by

X
Se(x) = i (x) /A 9 (Ne(t)dt, A<x<B.
Hence, T and S have the same norms and their approximation numbers are equal
if one, and hence both, are compact (see [41, Proposition 11.2.5]). The results for
T :Li(a,b) — Li(a,b) therefore follow from those proved for the L..(a,b) case on
interchanging u and v. Before stating the results, we need some new terminology.
Let 17 € R™ be defined by

b
V(x) ::/x v(t)|dt, V() =2k, (7.32)
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where k € Z if v € Ly (a,b), but otherwise 2F < ||v]|;. Set

G = luvllwwes Wi = (M, Mit1)
with § = 0 if v € Li(a,b) and 28 > ||v||;.
Theorem 7.11. Suppose that (7.30) and (7.31) are satisfied. Then

(i) T is a map from Ly(a,b) into Ly(a,b) is bounded if and only if {§;} € l.(Z),

in which case
1T = 1{&} iz

(ii) T is compact if and only if limy_,1.. § =0

(iii) If {&} € L(Z),

n—oo

1 b b
: / us(1) V(1) |di < liminfnan(T) < limsupnan(T) <2 / ws (1) v(1)|dt,
a a

n—soo

where ug is as in (6.20)
(iv) Forq e (1,0), {ax(T)} € I,(N) if and only if {§; } € 1,(Z) and

{2y = 1H{a(T)} i, o3
(v) Forq € (1,00), {ax(T)} € lg,0(N) if and only if { i} € 14,0(Z) and
{83 1y 02) = 1H{ax(T)} 1, 0

See Remark 6.4 which demonstrates that v, in the case p = o (uy when p = 1) is
important.

Notes

Note 7.1. The special case of the remainder estimate of 7.1 when p = 2 was given
in [52], the result for general p being provided in [83] and [84]. For the results in
the later sections we refer to [58].






Chapter 8
A Non-Linear Integral System

Here we study the asymptotic behaviour of the eigenvalues of a non-linear integral
system that arises from the problem of determining

sup |lgll,>
beT(B)

where B is the closed unit ball in L,(a,b) and T : L,(a,b) — Ly(a,b) is the Hardy
operator. This enables us to give the asymptotic behaviour of the approximation and
Kolmogorov numbers of 7 when ¢ < p, and that of the Bernstein numbers of T
when p <gq.

8.1 Upper and Lower Estimates for a Non-Linear
Integral System

We consider the following non-linear system on I = [a, b]:

g(x) = (T f)(x) (8.1)
and

(f(x))(p) = A’(T*(g(q)))(x)v (8.2)

where (h(x))(,) = |h(x)|""2h(x), T is the map T, (4 )., of Hardy type from (6.1)
and T* is the map defined by

() =uo) [ v0) 70y

Here we suppose that p,q € (1,e0) and that u,v are positive functions on / such
that u € L,y (I) and v € L,(I). The non-linear system (8.1) and (8.2) gives us the
following non-linear equation:

(f) () = AT ((Tf) () (%) (8.3)

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 153
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_8,
(© Springer-Verlag Berlin Heidelberg 2011
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This is equivalent to its dual equation:

(s() gy = A TUTs) () (%), (8.4)

and there is the following relation: For given f and A satisfying (8.3) we have s =
(Tf)(q) and A = A, satisfying (8.4), and for given s and 1" satisfying (8.4) we
have f = (T"s)(,yy and A = QL(*q) satisfying (8.3).

By a spectral triple will be meant a triple (g, f,A) satisfying (8.1) and (8.2),
where || f||, = 1; (g,24) will be referred to as a spectral pair; the function g corre-
sponding to A is called a spectral function and the number A occurring in a spectral
pair will be called a spectral number.

For the system (8.1) and (8.2) we denote by SP(T, p,q) the set of all spectral
triples; sp(T, p,q) will stand for the set of all spectral numbers A from SP(T, p,q).

This non-linear system is related to the isoperimetric problem of determining

sup |lgll, - (8.5)
g€T(B)

where B:= {f € L,(I): || f]|, < 1}.

Moreover, this problem can be seen as a natural generalization of the p,qg-
Laplacian differential equation (see Sect.3.2). For if u and v are identically equal
to 1 on /, then (8.1) and (8.2) can be transformed into the p, g-Laplacian differential
equation:

- <(W')<p>)/ =2(W)g); (8.6)

with the boundary condition
w(a) =0. 8.7

If g, f and A satisfy (8.1) and (8.2) then, the integrals being over I,

[ lsepar = [ g(e)dx = / T @)
—/f pdx =2~ /f

— i / F()[Pdx.

From this it follows that A~ = ||g||4/||f||> and then for (g1,41) € SP(T,p,q) we
-1
have 2,7 = gl

Definition 8.1. Given any continuous function f on I we denote by Z(f) the num-

ber of distinct zeros of f on Io7 and by P(f) the number of sign changes of f on
this interval. The set of all spectral triples (g, f,A) with Z(g) =n (n € Ny) will be
denoted by SP,(T, p; q), and sp, (T, p,q) will represent the set of all corresponding
numbers A. We set A, = maxsp,(T,p,q) and A = minsp, (T, p,q).
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We now give some results to prepare for the major theorems of this chapter and
start by recalling the well known Borsuk Antipodal Theorem (see [109, p.14]).

Theorem 8.1. Let Q C R™ be a bounded, open, symmetric neighborhood of 0, and
let T be a continuous map of dQ into R, with T odd on 9L for all x € Q.
Then there exists y € 02 such that T (y) = 0.

Lemma 8.1. Let f # 0 be a function on [a,b] such that T f(a) = T f(b) = 0. Then
P(f) = 1.

Proof. This follows from the positivity of 7" and Rolle’s theorem. O

Lemma 8.2. Let (g;, fi,Ai) € SP(T,p,q),i=1,2, 1 < p,q < oo. Then for any € > 0,
P(Tfi— €T fy) < P(Tfi — P~ V@D, /20)/ @D ). (8.8)

If the function f, — € f> has a multiple zero and P(T f; — e(P=D/(a=1) (2, /2,)4/(a=1)

T f>) < oo, then the inequality (8.8) is strict.

Proof. We use Lemma 8.1 and the fact that sgn(a — b) = sgn((a)(,) — (b)(p))-

P(Tfi—eTf) <Z(Tfi —€Tf) <P(fi —€f2)
<P((f))p) — € () )
3) for fi and f»),
<P(/11T*((g )@) — €T ((22)())
(AIT ((81)(g) — "' MaT*((22) ()
P((81)(g) — € (A2/M1)(82) ))
P(
P(

(use (8.

g1 — e/, )= gy
Tfi — e~ D/, /20)1/ 4= lez)

Theorem 8.2. Foralln €N, SP,(T,p,q) # 0.

Proof. This uses ideas from [22] (see also [101]). For simplicity, suppose that / is
the interval [0, 1]. A key idea in the proof is the introduction of an iterative procedure
used in [22].

Let n € N and define

O, = {ZZ (2t sZnt1) e R 3zn+l |zi| = 1}

and

folx,2) = sgn(z; forz 0\z,|<x<2 il =1, n+1, withzp = 0.
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With go(x,z) = T fo(x,z) we construct the iterative process
8k(%,2) = T fi(x,2), fir1(x,2) = (AT (8k(x,2)) (9)) ()
where A is a constant so chosen that
fesall, =1

and 1/p+1/p’ = 1. Then, all integrals being over /,

1= [ 1wl dx= [ filfopdx= [ fi(aaT" (1))
Z/fklk—lT*((gk—l)(q))dx
—2at [ TUR @) igx < At il gkl

and also

lge1ll = [l )l dx = [ (oe)igerdx
~ [T Uiends= [T (o)) firds
=1 /lkq T*((8k-1)(g)) f1dx

| ' 1/p 1/p
<3 ([ 10T Gl ) ( [1raar)

, 1/p
=1 ( / |1 T (861 g)) (o) |” dX>

1 1/1’ 1
—ah (/|fk|de) =2

From these inequalities it follows that
~1
g1, < 4 < N2,

This shows that the sequences {gx(-,z)} and {4, 1/ ?(z)} are monotonic increasing.
Put A(z) = limy—.. ¢ (2); then [[gk(+,2)[|, — A~Va(z).

As the sequence { fi(-,z)} is bounded in L,([), there is a subsequence { f,(-,z)}
that is weakly convergent, to f(-,z), say. Since T is compact, g (-,z) — T f(-,z) :=
8(+,z) and we also have f(-,z) = (A(2)T*(g(,2)) (4))()- 1t follows that for each
z € Oy, the sequence {gy,(-,z)} converges to a spectral function.
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Now set z=(0,0,...,0,1) € 0,. Then fy(-,z) = 1, and as the operators T and T*
are positive, gx(-,z) > 0 for all k, so that g(-,z) > 0. Thus (g(+,2),f(,2),A(2)) €

SPO(TapaQ) : SPO(Tapaq) 7& 0.
Next we show that for all n € N, SP, (T, p,q) # 0. Given n,k € N, set

={z€0,:Z(g(-,2)) <n—1}.

From the definition of T it follows that g, (-,z) depends continuously on z; thus E}’ is
an open subset of &, and F := ﬁn\E,? is a closed subsetof 0,. Let0 <] < ... <
t, < 1 and put

Fk(a) = (gk(tl,OC),. .. ,gk(t,,,a)), [0AS ﬁn.

Then Fj, is a continuous, odd mapping from &, to R”. By Borsuk’s Theorem 8.1,
there is a point oy € O), such that Fi (o) = 0; that is, o € F}'. From the definition
of g and fi 1, together with the positivity of 7 and T*, we have

Z(giv1) < P(fir1) < Z(fir1) < P(gk) < Z(8k),

so that £}/ C E}!, |, which implies that Fi’ O F}!, ;. Hence there exists o€ ﬂk>1Fk ,
and as above we see that g (-, &) converges, as k — oo, to a spectral function g(-, &) €
SP.(T,p,q). Thus SP,(T, p,q) # 0 and the proof is complete. O

We note that the previous theorem is true for much more general integral
operators (i.e. integral operators with totally positive kernel, see [101]).

Next we obtain upper and lower estimates for eigenvalues of the non-linear sys-
tem (8.1) and (8.2). To begin with, we establish an upper estimate for eigenvalues
via the Kolmogorov numbers. We remind the reader that these numbers, for the map
T :L,(I) — Ly(I), are given by

dopr(T) =inf ~ sup  inf Tf —gllg, /N fll,r, €N,
" 0<||flpa<1 8<%

where the infimum is taken over all n-dimensional subspaces X, of L,(I). The
Makovoz lemma (see [22, Lemma 8.2.11]) will play a crucial role in our argument,
and is as follows:

Lemma 8.3 (Makovoz). Let U, C{T f:||f||p,; < 1} be a continuous and odd image
of the sphere §" in R" endowed with the 1| norm. Then

dp1(T) > inf{||x||gs : x € Uy}
Lemma 8.4. Ifn > 1, then d,,(T) > A=Y where A = max{A € U ospi(p.q)}-
Proof. Let us denote A = max{A € U’ spi(p,q)}. The iteration process from the

proof of Theorem 8.2 gives us, for each k € N and z € 0, a function g;(.,z). By the
Makavoz lemma we have
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d, (T) > i o 8.9
w1 () 2 max min [|gi(-,2)llg.s (8.9)

Let us suppose that we have

. A= i ool . 8.10
znellﬁl,llkﬂ”gk( ,2)|lq max min llgx(-,2)llg (8.10)

Then from (8.9) and (8.10) it follows that

dypy 1 (T) > min li L2)|lg = AVe
w+1(T) 2 min lim lge(,2)llg = A7,

since limy .. g(.,z) € SP(T, p,q). We have to prove (8.10). From the monotonicity
of ||gx(-,2)|l4s we have

max min [|gi(.,z)[lg = lim min lge(.,2)lly.-

From max min < min max it follows that

= lim min [|ge(.,2)lly. = in || g (.
Jim min g (-,2) g, = max min [|gi(-,2)llq

< mi . = min li : =:h.
—;2105,1,11?5\)1(”‘5""( .2)|lq ZIIellnklglngk( 2)lg, =1

Denote Hy(g) = {z € Opn;||gk(-,2) |l <h—¢€} where 0 < € < h.

Since the mapping z — gi(.,2) is continuous, Hy (&) is a closed subset of &, and
from the construction of the sequence g we see that Hy(g) D Hi(g) D ....

If yo € NkenHi(€) # 0 then h = minze g, limy—os [|g1(-,2)llg < Timy—ea [[ g1 (-, 30) 4
< h— &, a contradiction. Then there exists ky € N such that H(&) = 0 for k > kg
and min ¢, ||gk(.,2)|lq = h — € for k > ko. Hence h = [ and (8.10) is proved. O

Next we recall the definition of the Bernstein numbers of T L,,(I) — Ly(I):

bn T):= inf T )
(T) S)l(linfel}gl\{O}H Fllg/ 1AW p.r

where the supremum is taken over all subspaces X,, of T'(L,(I)) with dimension n.

Since u and v are functions for which |{x : u(x) =0}| = [{x: v(x) =0}| =0, T is an
injective function and the Bernstein numbers can be expressed as

T (X7 0fi) |l

bn(T) = sup , (8.11)
T X, ac®\(0} (|2 eifillp
where the supremum is taken over all n-dimensional subspaces X, = span{fi, ..., fn }

C Ly(I).
Now we use techniques from the proof of Theorem 8.2 to obtain an upper
estimate for the Bernstein numbers.
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Lemma 8.5. Ifn > 1 then by, (T) < A=1/9, where . = min(spa(p,q)).

Proof. Suppose there exists a linearly independent system of functions
{f1,--- fut1} on I, such that:

||T(Z,@_11 i fi)llgr S -V,
acR\(0} || 2 0 fill s

Let us define the n-dimensional ‘sphere’

n+1 n+1
0, = {T (Z aiﬁ) Y el = 1}~
i=1

i=1

Let go(.) € O, and define a sequence of functions /1 (.),gx(.) = gx(.,80),k € N,
according to the following rule:

gk(x) = Thi(x), b1 (x) = (AT (8k(%)) () (1)

where A > 0 is a constant chosen so that ||/ || 7 = 1.

We denote O, (k) = {hi(.,ho) : ho(.) € On}. As in the proof of Theorem 8.2 we
have:

|lg|lq,r is a nondecreasing as k " . For each k € N there exists g; € O,(k)
with n zeros inside I; limg ... g«(., go) is an eigenfunction and there exists go(.) such
that limy_... gx(., go) is an eigenfunction with n zeros. Moreover A is monotonically
decreasing as k " eo.

Let @ € R"™! be such that: gp(.) = (Z;‘:ll @ f;) is a function for which
limy .. 2x(.,&0) is an eigenfunction with n zeros.

Then we have the following contradiction:

IT (S Gf;) llg.
ack\{0} || S0 GG il s

< lim gi(80()lqs <A714.

< llgo()llg.r

O

Now we introduce functions %j and %} and study their properties together with
those of the function .27 introduced in Definition 6.1.

Definition 8.2. LetJ = [c,d] C I and x € I. Then

1Tt

Gt (J) =€ (J) := sup { T,
2

:fGLp(J)\{O}},
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where T; ; is defined in (6.5);

1T fllgs
£l

Guo(J) :=%0(J) = Sup{ e Ly(D\{O0}, (T f)(e) = (Tf)(d) = 0} :

From this definition we have:

Lemma 8.6. Let I} and I, be intervals with I} C I, C I. Then
¢ () < € (D),

and
o(h) < Go(l), Go(lh) <€y (h).

The quantities 6y(J) and € (J) are characterised in the next lemma.

0
Lemma 8.7. Let J = [c,d]| C I. Then for some e € J,

A (J) = |Tes|Lp(J) = Lpy(J)|| = el _ A
/11l

where

(g1,M1) €SP(T,p,q) onJ and g;(e) = 0;
and

@, (J) = lgo |q,J _ /lo—l/q’
1foll s

where

(g0,40) € SP(T, p,q) onJ, and go(c) = 0;
also

Go(J) = g1l =24

where

(g1,41) € SP(T, p,q) onJ, gi(c) = g1(d) = 0.
Proof. Since T is a compact map from L, (J) to L,(J), there exist ho, hi,hy € L,(J)
and x € J such that:
@ o () =Testilly g [1hell, s =1
(b) € (J) = Tesholl, ;- ol =1
© () = Thollg s ol ;=1
Put

G() =T fllgs /1AW g £ 70

Then G'(f) = 0 if, and only if, Tf € SP(T,p,q) on J. From (b) it follows that
G'(hg) = 0. By a simple modification of this argument, with the help of (a), the
statement concerning A follows. The rest is proved in a similar manner. ad
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Next we give a monotonicity result. Note that the monotonicity of A was
established in Lemma 6.7.

Lemma 8.8. Let I}, 1, be intervals contained in I, with I} C I, and |L\I| > 0. Then

(a) Cr(I) <Cr(h)
(b) Co(I) < %o(D)

Proof. First we prove (a) and consider the following cases:

() h=lc,d|Ch=]cbl,d<b
(i) h=ledlCh=]a,d,a<c
(i) I =[e,d|Ch=]a,bl,a<c<d<b

Clearly (a) will be established if we can handle these three cases. First suppose
that (i) holds. Since T is compact, there exists f; > 0 such that

G () =T fill g, /1Al > O

Define f, on I by fa(x) = fi(x) if x € I1, fo(x) =0 if x € L\I;. Then || fi ||
15211, 1, » (TF) () = (T2)(x) (x € 1), (T f2)(x) >0 (x € L\]1) and

G () =T fillgqy /il < NTR2llgs /N F2ll sy < € (h2)-

pi =

For case (ii), note that there exists f; > 0, with supp f; C I, such that
G (L) =T fillg, /1l -

Since u is locally integrable, there exists z € (a, 3 (a+c)) such that
u(z) = limg_o4 /77 u(x)dx. Let § > 0 and define

f2(xX) = 8z zve)(x) + f1(x), x € D.
Then for small 6 > 0 and € > 0, there is a positive constant 4] such that

12l < G178+ £i

ph-
For T f» we have, with S(z) ~ deu(z),
:0, (JSXSZ,
>0 z<x<z+e¢
T ’ - ’
(T2)() = S(z)v(x), z+e<x<c,

=S@v(x)+ (THi)(x), c<x<d.
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From this it follows that for small positive 6 and €, there is a positive constant C,
such that

c d 1/q
17y, = {507 [ vaxs [*Is@nt + T A)1ax
> Co{(8e)+ b} + (T filly, -
Hence for small positive § and €,

1T 240, - Cée+||T filly,
1Ll — CieVP8+ Al

which implies that there exist €; > 0 and 8; > 0 such that fore =& and 0 < § < Jy,

||Tf2||q7]2 ||Tf1||q,ll
[VEL PR (Vi

p:li

This gives the proof of (a) in case (ii). Case (iii) follows from (i) and (ii).
The proof of (b) can be accomplished by modification of this argument. g

Lemma 8.9. The functions € ([x,y]), and 6o([x,y]) are continuous in their depen-
dence on x and y.

Proof. Suppose that €4 ([x,y]) is not right-continuous as a function of the right-hand
endpoint. Then there exist x and y, with x <y, and ¢ > 0, such that

C4([x,y]) <t < €4 ([x,y+ €]) for all small enough € > 0. (8.12)

Given each small enough € > 0, there is a function f; such that

_ ||7j\’f8||q

%+([an+5])*Wa
ellp

supp fe C [x,y+€], supp Tife C [x,y+€] and || fe[|, = 1.

Since T is bounded, there exists C > 0 such that ||T;fe||, < C. As T, is compact,
there is a sequence (&) of positive numbers converging to zero and an element g of
Ly(I), with supp g C M[x,y+ &] = [x,y], such that T\ f;, — g in L,(I). From (8.12)
we see that

infllg = Tef |, vy > 05 (8.13)

where the infimum is taken over all f with supp f C [x,y]. However, since Ty has
closed range, there exists h € Lp(I), with ||A||, =1 and supp / C [x,y|, such that
Th = g. This contradiction with (8.13) establishes the right-continuity of 4 in its
dependence on the right-hand endpoint. Left continuity is proved in much the same
way. Continuity of 6{ can be proved by modification of the previous arguments. O
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Of crucial importance is the next Lemma, which gives the values of functions
%+,%0 and A when u and v are constant.

Lemma 8.10. Ler u > 0 and v > 0 be constant on the interval I. Then

(i)  (I,u,v) = Couo(I) = 1|7 HV15, 1 ([0,1])
(i) Gt (1) = wo1)7 V7611 ([0,1))
(iii) Gy (I) = 2 (I u,v) = 26,01 )

Proof. For (ii) note that

”Tv.,uf”qJ ”sz;”f(t)dthJ

%v. +(1) =
o supp fCI ”f”p,[ supp fCI Hf”pJ
I 107
supp fCI ”f”pJ
— w1\ o/ (0)dlly o1

supp fC[0,1] Hpr,[o,l]
= |1]VPV9g L (0,1]).

In the same way we can prove (i). Finally, (iii) follows from (i) and (ii), together
with Theorem 3.2, 3.5 and Lemma 8.7. O

From Theorem 5.8 we have

Lemma 8.11. Ler f(t) = c(Sf)'(t), where (Sf)(t) = csinpg(mpqt), (Tof)(t) =
csingy(7ygt) and c is an arbitrary non-zero constant. Then

1Tof g, o] _ ISfllg.—1/2120 — (P)V9g"7P (p +q)'/P~"/a
11, 10.11 Hpr, [~1/2.1/2] 27pq

A([-1/2,1/2],1,1) =

and

151140, N ag P (pf 4 g)1/p=1/a
€110([0,1]) = af01] _ (P)) Mg 2(17 q) .
Tpg

Note that <7 ([0,1],1,1) = &/([-1/2,1/2],1,1) and the extremal functions for
27 ([0,1],1,1) can be obtained by translation of the extremal function for <7 ([—1/2,
1 / 2],1,1). Now we establish the continuous dependence of <7 (I, u,v), €, ,0(I) and

Gou +(I) on u and v.

Lemma 8.12. Let uy,ur and v be positive weights on I with uy,uy € Ly (I) and
v € Ly(I). Then

(i) |Gy 4 (1) = Gy (D] < VIl 1 — w2]
(”) |Cgv,u1,0(1) Vu2,0(1)| S ZHqu”ul 7M2||p’
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Proof. For (i), without loss of generality we may suppose that G, (I) > 6., (I).
In what follows all the suprema are taken over all functions f such that supp f C I

and [|f][,, < 1. Then
/f M] d[

/f ) |1 (1) — wa (1) di

Gy + (1) = sup

§sup{

<sup||vll, [I£1l, llur —ual| s + sup

+

/f uy (t)dt
0 / FOw0d

y

< Wil e = w2l y + G, (D).

Now we prove (ii). Fori = 0, 1 set

vi={r: [Cwsoa =01, =1},
vi={rs| [ < el 151, = 1.

b
/u i (1) f (1 )dt

we have U, C V;. Correspondingly, U; C Va. Either €, 0(I) < €u,,0(I) or
G, 0(I) > Gy 0(I). Suppose that the first case holds. Then

Since

b

b
<zl Ul + | [ sy

Cgv,uz,o (I) = Ssup
fet,

v(~)/a.f(u2 —uy +up)dt

J

< sup {||V||q||u2—u1p/||f||p+ o) [ fund
fel, a

< Wl =mlly+  sup o) [ |

fetu(vi\Uy)
/ fbl]dl

Gruy 0 (1) < 2Vl [z = wrll yr + Gy 0(1)-

The other case is handled similarly, and the proof of (ii) is complete. a

<21l lluz — usl| ; + sup
q p fel,

Hence
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Lemma 8.13. Let u, vy and v, be positive weights on I with u € Ly (I) and vy,vy €
Ly(I). Then

(D) |Gyt (1) = Gy (DI < v = w2l llull
(it) [Gup00(1) = G0 (D] < [lvi = vally lJull y

Proof. The proof of (i) is just a simple modification of the previous proof. Let us
prove (ii). The suprema in what follows are taken over all functions f such that
supp f, supp Ty, .f C 1 and ||f[|, < 1. Note that supp T, ,.f = supp T,, . f- Then

Gouoll) =sup [vi() [ f(Oyute)d
a q
<su Vi —V . u(t)de|| +||v . u(t)d
p{ (v z)/af(t) (| z/af(t) <r>rq}
< Sup{IIV1 ol I Nl o+ vz [ p@yuteyar }
a q

< HV1 _v2||q ||M||p’ +sup

V) / F(Ou(t)de

q
<Avr=wally el + €opu0(D)-

The rest is now clear. O

8.2 The Caseq <p

We introduce various techniques that will be used to establish the asymptotic the-
orem in the case ¢ < p. We suppose throughout this section that u € L,/(I) and
v € L,y(I) : these assumptions are sufficient to ensure the compactness of 7. We begin
with an elementary lemma that is a simple consequence of Holder’s inequality.

Lemma 8.14. Let 1 < g < p <ooandn & N. Then

n 1
(T o)) e — plfa-1/p,

the supremum being attained when |o;| = 1,i=1,...,n; and
1
(S el
inf ==——— - —
ackr (g1 |al,‘p)l/p

where the infimum is attained when |o;| = 1 for only one i and aij = 0 for each j # i.

)
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Now we introduce functions that will be of crucial importance in our proofs.

Definition 8.3. Suppose that 0 <& < ||T : L,(I) — Ly(I)|| and let & be the family
of all partitions P = {ay,...,a,} of [a,b],a=a; <a» < ... <an—1 <a,=Db. Let

S(e): ={neN: forsome P ={ay,...,a,} € 2,6 (la1,a2]) < ¢,
o ([az,a3]) <&, ..., o ([an-1,an]) < €}

and define
B(g) =minS(e) if S(g) # 0, B(e) = « otherwise. (8.14)

Monotonicity of B is clear:

Lemma 8.15. If0 < & < & < ||T : L,(I) — Ly(I)||,

(81) > B(Sz).
We also have

Lemma 8.16. Let 0 < € < HT tLy(I) — Lq(I)H and suppose that B(g) > 1. Put
B(€) = n. Then there is a partition P = {a = ay,ay,. .. ,ap(e) = b} of [a,b] such that
Cr(lar,a)) =€, A ([ar,a3]) =€, ..., & (Jan—2,an—1]) = € Z([an—1,an]) < €.

Proof. This follows from Lemmas 8.8 and 8.9, together with the techniques used in
the proof of Lemma 6.11. a

Lemma 8.17. Let T L (I) Ly(I) be compact. Then for all € € (0,C), B(g) < oo,
where C = ||T Ly( ||

Proof. From the definition of compactness of 7" and a simple modification of the
proof of Remark 6.2 and Lemma 6.11 the proof follows. a

Lemma 8.18. Ler n = B(gy) for some & > 0. Then there exist € and &, 0 <
& < g < &, such that B(&;) = n+ 1 and B(&)) = n; and there is a partition
{a =ay,a2,...,ap() = b} of [a,b] such that the conclusion of Lemma 8.16 is
satisfied with </ ([a,—1,a,]) = €.

Proof. We use the continuity of € ([x,y]) and < ([x,y]) as functions of the end-
points x and y, together with the fact that B(g) < o for all € € (0,C), where
C=|T:Ly(I) = Ly(I)|| . Suppose that whenever 0 < & < &, cither B(g) > n+ 1
or B(¢) =n.Put &3 = inf{e > 0: &€ < &,B(e) = n}. In view of the continuity prop-
erties of A and ¢, if &3 < € < gy, there is a sequence a; = a,ay,...,a, such that
the conclusion of Lemma 8.16 is satisfied for the sequence with € ([a,a2]) = €,
o ([a;— l,a,]) =¢eif2<i<n—1,and &([a,—1,an]) < €. Then there is a sequence
{B:i}7=E®) such that €, (jar,@)) = &, o/ ([bi1,bi]) =€ if 2<i<n—1, and
A([bn— 1,b ]) = €. Hence by the continuity of %, and A there exists € < & with
B(g) =n+ 1. The proof is complete. a

Our next objective is to make more precise the relationship between B(€) and €.
As before we suppose that 0 < u € Ly(I) and 0 < v € L,(1).
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Lemma 8.19. Ler 1 <g<p<eoandr=1/q+1/p'. Then

Jim £B(e)" =A((0,1],1,1) (/I(uv)l/rdt)r.

Proof. Let B > 0. There are step functions ug,vg, with the same steps, such that
|p’,1 B ﬁ’ Vﬁ _qu,I < ﬁ and

||up —u

/I(uv)l/rdt - /I(uﬁvﬁ)l/rdt

Let N(B) be the number of steps in the functions ug,vg and let &€ > 0 be so chosen

that B(g) > N(f). Let {Ji}?]:(f) be the set of all intervals on which ug and vg are

constant, let {ai}ﬂ{” be the sequence from Lemma 8.16 and put ; = [a;_1,q;] for

i=2,...,B(g). Plainly

<B.

1=uPy = f9r,
Now define sets B, B and B, by
B= {L...,B(E)} =B1UB,,
where

By:={ieB:I;CJjforsome j,1 <j<N(f)}, B,=B\Bi.

Put
Ig, = Uiep, I;, Ip, = Uicp, 1;.

Then for J; (i € B1\{B(€),2}) we have, using Lemmas 8.10, 8.12 and 8.13,

o (I ,) = ugvp 117419 7(10,1],1,1)| < g —

Pl ||v||q,li
A lally g, [[vp =1l

We recall that for 0 < s < 1, ||.||5 is a quasi-norm which satisfies the inequality

I1f +&lls < [I7115+ [lglls and we have also X[ fi + gil* < X|fil* + X il
Thus with the understanding that the summations are over all i € B;\{B(¢),2},
together with help from this and the Holder inequality,

Z|,szf(1i,u,v) —uﬁvB|Ii|l/pl+l/q427([O71], 1, 1)|1/r

1
<3 (llug — ull iy VIl + el v = Vi)
i
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< X (lleg —ull gl 1/'+Z lull v = Vilg) "
i

1/r 1/r 1/r 1/r
P+ el Hvﬁ—vn/,,

< lug —ull ;.

and

Z ];zf(lumv) — u[;v[;|li\l/”/+l/qd([0, 1,1, 1)|1/r

> ‘z |d(1i>u>v)’1/r_ Z’uﬁvﬁ|1i|l/pl+]/q%([o7 1]a 1a 1)’1/”

= ‘ {(#Bl B l)el/r} B (d([o’ 1]7 L, 1))1/r </13 \{B(e)} (uﬁvﬁ)l/r> ‘

Thus

r r 1/r
< BTN+ i)

(41— 1)V — (@ (0.1,1,1) (/ (”‘*V‘*)l/r>

When € | 0, Ig\(p(¢) T 1 and #B; /#B 1 1. Hence

1\{B(e)}

lim
e—0+

< 2B(IIvllg.r + [lullp.r)

e(#B) — ([0,1],1,1) (/I~(uﬁv;3)1/r>r

and the result follows. O
Next we establish a connection with the Kolmogorov widths for T,,,.

Lemma 8.20. Let € > 0 be such that B(€) > 2. Then

ag(e)(T) < eB(e)'/a7 /7.
Proof. Since T is compact, B(g) < c. By Lemma 8.16, there are a sequence
{a,-}?:(? and intervals I; = [a;_1,a;] such that 6,, () = €, o/ (I;,u,v) = € for

i=2,...,B(¢) — 1 and & (Ip(¢),u,v) < €. For each i with 1 <i < B(g) — 1, denote
by ¢; € I; a point such that

T.. 1
o (I;,u,v) = sup —” il

rerray Iy
Put
B(g)
Pye) f(x) = [2 (Tf) (ci) o (x) | +0- x1,(x);
i=2

this is a linear map L, — L, with rank B(g) — 1.
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We see that
T f — Pae)fllqr
a T) < _—
B(e)( ) feLr(n ||f||p~,1
(SH 1T A0 - A, + 1T, )
= sup
feLr(n Hf”pJ
< (S5 1 O+ 17N, )
< sup
Ferr(n) £ 1lp.t
1/q
e (=20 115,
=~ Sup
feLpe(n) ||f||p-,1
1/p
elBe)] /7 (291715,
< sup

feLp(n) ||f||p-,1
< elB(e)]! /1.

Now we prove the reverse inequality with the Kolmogorov numbers.

Lemma 8.21. Let 1 < g < p < co. Then

liminfnda(T) > %i.1.0([0, 1)) (/I|uv|1/r)r.

n—o0

Proof. Letn € N and define

1
On={z= (2 R T =1
For the sake of simplicity we suppose that I = [a,b] = [0, 1]. We define

n+1

Unz( 2 2 ()T fi(.)

where 2= (21,22, ns1) € O [y =[S0 |l S Jall, for j=1,...
zo =0 and
suppfi =1, fi(t) sgn(z;) >0forallr €1,

”TfH i
1 fi -
1fill .t

= Guo(li).

169

.n+1, with
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Then we can put U, = {un;(.) : 2 € 0,} and have, with the aid of Lemmas 8.14
and 8.3,

dn(T) = inf{{|un () llgr : unz(.) € Un}”_l/p = inf{|[u (.)

Let B > 0. There are step functions ug,vg, with the same steps, such that
g =], < B [vp = Il < B and

<B,

/I(uv)l/rdt - /l(uﬁvﬂ)l/’dt

where r=1/q+1/p.
Let N(f3) be the number of steps in the functions ug,vg; denote by {yi}i\;(f) the
set of points of discontinuity of ug,vg. We define Tg f(.) = vg(.) [, ug(t)f(¢)dt and

n+1

Z 2 ()Tpfi(.)

where z = (21,22, .- ,2n41) € Op, I —[Z’ o lzil, Zl | Jzil], for j=1,...,n+1, with
zo = 0 and
supp fi =1, fi(t)sgn(z;) >0 forallt €1,

173 fillg.
1fillp.i

Putting U,f3 = {ufz() : 7 € O, } we have, again using Lemmas 8.3 and 8.14,

il =1, = Gopupolh)

dn(Tp) = inf{||uf) () lg.1,uh-() € UL Y~ /7 = inf{[|uf) () g1z € Gu}n™ "/

Now we modify the set U,f3 . Put

ZXJ, )Tsfi(.)

where z = (z1,22, - - - ,;n+1) € 0,, the J; are intervals built from consecutive pairs of
points from & := {3/, |z|,j=1,..,n+1}U{y;i=1,..,N(B)} and
supp f; = J;, fi(t)sgn(z;) > 0forallz €1,

s fillg.s:
NAillpsr

Then with UF = {@f.(.):z € 6,} we have

Hfl'”PJi = 1’ cgvﬁ MB’ (‘I)

do(Tg) = inf{|ub ()|l () € UPYng 7 > int{||af (g8 () € OF ng "7,
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where n <ng :=#2 <n-+N(B). It follows that

ntl "B
||’4nz ||q = 2 vuO l/q > (2(<gv,u,0(]j))q)l/qa

i=1 ]:1

and with the aid of Lemma 8.10:

n[; n

171

B /
wmum=<z@%wﬂm»%w—wzmew|”““%$amu»ﬂw.

Jj=1 j=1

By Lemmas 8.12 and 8.13:
(21|%Vﬁ,uﬁ,0(~,j) _%v,u,o(*,j)‘q)l/q <
j=
3(EN”WB_ﬂbm“wuh+WthWW_VM¢VyM
j=
< 2(max Jug = ullys)[Vllgs + llull 1B
< BIWlgr+llullpr)-

From the definition of J; and the Holder inequality we have

" r n 1/q
r B B
r r ' g
[p%mw}=[2wquaﬂ<[2Wwwmﬁwﬂ g
Jj=1

J=1

By combining all these observations we have:

ng 1/q
”“n(Z)Hq > <2 (cg\/,u,O(Jj))q>

Jj=1

Jj=1

>%1001<2www”v0 17 =Bl + )
= ti10(00.1) ( flupspl") 5" = BC2Ibllar + )
> iaol0.1) () ar) u," - e )

— B €1,1.0(0, 1])ngl/p,.

n 1/q
B , q
2(2(%me”““%mﬂam)> = B@Ivllga + Nl )
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Take small B > 0 and let n — oo: then ng /n — 1 and

n—o0

iminta, (7> 6100, ( 1" ) = BCAvlr+ )~ 8611000 1)

The proof is completed by letting § — 0. O

Theorem 8.3. Suppose that 0 <u € L,y(I), 0 <veLy(I)and 1 < q < p < oo, Let
sn denote a,(T) or dy(T). Then

lim ns, = <7([0,1],1,1) (/I(uv)l/r>r,

wherer=1/q+1/p'.

Proof. From the combination of Lemmas 8.19-8.21, the strict monotonicity of B(¢)
given by Lemma 8.18 and the fact that a,(T) > d,(T), we have

e—0 e—0

Ay1([0,1]) (/I(uv)l/’)r = lim g[B(e)]” = limg[B(¢)]'/9~ /P B(¢)

> limsupage)B(€) = limsupa,n > limsupnd,

e—0 n—oo N—so0

> liminfnd, > Ay 1([0,1]) (/I(uv)l/r)r.

n—so0

The result follows. O

The following lemma give us a lower estimate for eigenvalues.

Lemma 8.22. Ifn > 1 then a,(T) < A4, where 2 = max(sp,(p,q)).

Proof. For the sake of simplicity we suppose that |I| = 1.
Let (g,f,A) € SP.(T,p,q). Denote by {a;}" the set of zeros of g (with ay = a)
and by {b,-}'.’il1 (with by, = b) the set of zeros of f. SetI; = (b;,b;11) fori=1,....n

1

and Iy = (ag,b1), and define

Tof(x) = 20 10 [ uoswar

Then the rank of 7}, is at most .
We have (see Lemma 5.4) du(T') < an(T) < sup s, <1 [|Tf = Tufllq-
Consider the extremal problem: determine

sup [|Tf =Tofllq- (8.15)
Ifllp=<t
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This problem is equivalent to
sup{||Tfllq: Ifllp < 1,(Tf)(a;) =0fori=0...n}. (8.16)

Since T and T, are compact then there is a solution of this problem, that is, the
supremum is attained. Let f be one such solution and denote § = T f. We can choose
f such that g(¢)g(t) > 0, for all € I. We have ||g||4.1 > |18]l4.-

Note that for any f € LP(I) such that T f(a;) = 0 for every i = 0,...,n we have
T f(x) =T f(x) for each x € I, where

X

TS = K =30 [ o) o

and

K(x1) = Zox (O () (t) (0 SE0 (5 — ).

Qi

Set s(1) = |8(1)|9A4, where A = l|8|l4,7- Then, all integrals being over /, we have
(1)

(Jisora) e (0[Sl ) :

(use Jensen’s inequality, noting that/s(t)dt =1)

<A~Va (/s(t) g(? Pdt>l/p
Py ( /s(,) T () | dt)””

=il (/s(t) IK@ D/ (7)de

s o] KD F
- q</ O T A"

(use Jensen’s inequality, noting that

KOO/ KOOI
q 2 0md [ 2 d’”)

g
<A Va </s(t)/K(t,Ar—)f(r) pdrdt)l/p

8(t)

oo

f(0)
f(x)
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([0 s [ KD )
i—l/q(/ ;(2 pf /Ktr d)l/p
(use /K £,7)8 dt)ui — AT*(g( ))( ) f(,,)(t))

7 /p
_ava( [ IO 3p 2 >
([ |2 foip
(use 7(1)fp) (1) = 7 (0)I7)
_i- l/q</|f |pdr> ~1/q.
From this it follows that a,(T) < /4. O

Theorem 8.4. If 1 < g < p < oo, then

.
lim nd, "/ = c,, (/|uv|1/’dt)
n—oo 1

where r =1/p' +1/g, Ay = max(sp,(p,q)) and

(p)"/1g" 7 (p' +q)'/P~1/a
C =
e 2B(1/q,1/p')

Proof. From Theorem 8.3 we have

(8.17)

,
lim na,(T) = lim nd,(T) = <7([0,1],1,1) (/|W|1/rdt>
n—oo n—oo I

and since d,(T) < a,(T), a,(T) \, 0 and d,(T) \, 0, then from Lemma 8.22 it

follows that .
Cpg </|uv|1/’dt> < liminfni, /9,
I n—oo

and from Lemma 8.4 we have

-
limsupnjLn_l/q <cepg </|uv|1/’dt> ,
n—oo 1

which finishes the proof. O
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8.3 The Casep <g¢q

We start with various techniques that will be used to establish the main theorem. We
suppose throughout this section that 0 < u € L,y(I) and 0 <v € L,(I). Asin 8.2 we
need an elementary lemma.

Lemma 8.23. Let 1 < p < g < eandn € N. Then

n 1
(S 0D igiip

and the infimum is attained when |o;| = 1,i=1,...,n.
We now introduce a function analogous to that given in Definition 8.3.

Definition 8.4. Suppose that0 <& < ||T : L,(I) — Ly(I)|| and let & be the family
of all partitions P = {ag,ay,...,a,} of [a,b],a=a; < ay < ... <ay—1 <a,=>.
Let

S(e):={neN: forsome P € &, %6y(ai—1,a;)) <e (1<i<n-—1),
Cng(an—lvan) Sg},

and define
B(g) = minS(¢) if S(g) # 0, B(e) = o otherwise. (8.18)

As an obvious consequence of this definition we have
Lemma 8.24. If 0 <& < & < ||T : L,(I) = Ly(I)||, then B(1) > B(&).
We also have

Lemma 8.25. Let 0 < € < ||T : L,(I) — Ly(I)|| and suppose that B(€) > 1. Then
there is a partition P = {a = ag,ay, ..., ape) = b} of [a,b] such that 6y([a;—1,ai]) =
e(1<i<B(e)—1),C([ape) 1,ap()]) < €

Proof. This follows directly from the monotonicity and continuity of %y and %,
the proof being similar to that of Lemma 8.16. a

The next two lemmas can be proved in a way like that used for Lemmas 8.17
and 8.18.

Lemma 8.26. Forall € € (0,||T : L,(I) — Ly(1)||), B(g) < .

Lemma 8.27. Let n = B(g) for some & > 0. Then there exist € and €,0 < & <
€ < &, such that B(&,) = n+ 1 and B(g)) = n; and there is a partition {a =
ao,ai,...,dp(e) = b} of |a,b] such that €y([ai—1,ai]) = € whenever 1 <i<n-—1
and €y ([an—1,an]) = €.
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Now we clarify the relation between B(g) and €. As in the previous section we
suppose that 0 < u € Ly(I) and 0 < v € Ly(I).

Lemma 8.28. Ler 1/r=1/q+1/p’. Then

lim eB(e)'/" = €.1.0(0,1]) < /1 (uv)’dt) "

e—0+

Proof. Let B > 0. There are step functions ug,vg, with the same steps, such that
Jug —ull ,, < B, [lvg =, < B and

<B.

/I(uv)’dt - /I(uﬁvﬂ)’dt

Let N(f3) be the number of steps in the functions ug,vg and let € > 0 be so chosen

that B(e) > N(f). Let {J,}f\/:(g3 ) be the set of all intervals on which ug and vg are
constant, let UB.irVB.i be the constant values of ug,vg respectively on each J;, let

{ai}f.\]:(f) be the sequence from Lemma 8.25 and put /; = [a;_1,a;| fori=1,...,B(¢).
Plainly
=ufBy = e,

Now define sets B, B and B, by
B={1,...,B(e)} =B UBy,
where
By:={ieB:I;CJjforsome j,1 < j<N(B)}, B,=B\B.

Put
Ip, = Ujep, I;, Ip, = Ujcp, -

Then for [; (i € B;\{B(g)}) we have, using Lemmas 8.10, 8.12 and 8.13,
Guuol) — ugvy 1117191 1010, 1)| < 2 g = ], I,
lally g lve = vl
Thus for i € By, i # B(€), we have

" =Couo(h)

2 %1’1_0([07 1])14[3’[\/!3‘,‘ |I[|1/pl+1/q -2 ||MB - u”PIJi HVHqu - Hqu/J,' ”Vﬁ —VHqu}
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and hence, with the understanding that the summations are over all i € B;\{B(¢e)},

1/r
{#B, — 1)’} = ( D %,u,o(li)r>
icB\{B(e)}

> {2 (u[;ﬂ»v[;’,» |1i|l/p’+1/q)r}l/r%l"l_o([O, 1])
2wl I} = { S el s =1}

,
P v

1/r
> %1000, 1) ( / (uﬁvm') 2 g =], Wl
Bi\{B(e)}

— Nl s [[ve = VHq,I

> i10(00.1) ( I

Now we examine the upper bound for £'#B. We have, as in the previous case,

pl)-
B}

1/r
(’/‘B"ﬁ)r> = 3B(llgr + [lu

r r 1/r
{(#B1 — 1)e"}!/" = (ZieB,\{B(s)}%’“*ro(li) )

< %110(0,1]) (/,

1/r
(“BVﬁ)r> +2B(1[vllg.r + [lullp.r)-
1\{B(e)}

Thus

1/r
(#B1—1)"/"e —€1,1,0([0,1]) (/ (%Vp)’) < 3BWllg.s + lullp.r)-
/Ig,\(B(e)}

When € | 0, IB]\{B(E)} 11 and #Bl/#BT 1. Hence

1/r
lim
e—0+

< 3BUvllg.r+ [lullp.r)

e#B)'/" —%1.10(0,1)) (/I(Mﬁ"ﬁ)r>

and the result follows. a
Next we obtain information about the Bernstein numbers b, of T, ,.

Lemma 8.29. Ler € > 0 be such that B(€) > 2. Then

e(B(e)—1)/a1/r < bp(e)—2-
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Proof. Since T is compact, B(€) < e=. By Lemma 8.25, there are a sequence {ai}ll.i(g)
and intervals J; = [a;_1,q;] such that €,,0(;) = € for i = 1,...,B(¢) — 1 and
Gvu,+ (I(e)) < €. For each i with 1 <i < B(e) — 1, denote by f; a function such
that supp fi, SUpp Tfi C L. | fill.; = 1 and G (1) = [T il /1 fill,; = . Put

Xpey= span {fi:i=1,...,B(e)—1};
this is a (B(€) — 1)-dimensional subspace of L, (I). From (8.11) we see that
|2 e
aif;

q

bpioy_» > inf
B(e)-2 o cRrBE)-1 Hzﬁsl)

p

Now use Lemma 8.23. d
Lemma 8.30. Let € > 0 be such that B(€) > 2. Then

by(e) < (B(g) —2)"/471/re.
Proof. Suppose that there exists € > 0 such that B(€) > 2 and

(B(e) —2)"/47 VP < by
Set B(e) = n. Then there exists an (n + 1)-dimensional subspace X, | = span
{fi,--., fus1} of L,(I) such that T(X,;1) is an (n+ 1)-dimensional subspace of

Ly(I) and

R LT
n

—— 9> (B(e) —2)1/4 Ve,
Sl e, 00T

Let

1
S, = {a e R HZ:Z oifill =
p

and put
n+1
uo(-,0) =X, eifi(:)
forevery o € S,,. For each ug(-, &) we construct an iterative process and a sequence
{gj(‘, Oﬂ)}jeN as follows:

gj(~706) _ letj(’7a)a uj+1(.7a) = (A,;](O()T*((gj('va))(q)))(p/)7

where the A;() are chosen so that [Juj.1(-, )|, = 1.
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Following arguments similar to those used in the proof of Theorem 8.2 we see
|| is monotone non-decreasing and g;(-, &) converges
to a spectral function of (8 1) and (8.2). Moreover, if we let

g(-,00) ;= lim g;(-, & o) and A~ V9(at) := llmng )Hq,

J—oo J—roo
then (g(-, ),A(a)) € S(T, p,q) for every o € S,,. For each [ € N let
El ={0€S,:Z(g(-,a)) <n—1}.

From the definition of T we see that g;(-, ) depends continuously on a, and so, by
the definition of S,, it follows that E}' is an open subset of S, for each / € N. Then
F/' .= S,\E] is a closed subset of S, and F}" D Fy

Take € > 0 so that B(€) = n+ 1 and with Lemma 8.27 in mind, let &; be optimal
in the sense that B(g;) =n+ 1 and & := inf{e > 0: B(¢) = n}. Let {a;}"*] be a
sequence, forming a partition of /, such that

%0([61,;1701‘}) =&, (i =2,... ,n), %+([an,a,,+|]) =&,

and put
E(a) = (gl(ala Ol), o ’gl(arh (X)) 5

Fj is a continuous, odd mapping from S, to R", and by Borsuk’s theorem, there exists
oy € S, such that Fj(oy) = 0, that is, oy € F}". There is a subsequence {alk}::l of
{oy};Z, with limit & = limy_,.. oy, . Then (g(-, &), A(@)) € S,(T, p,q), and from the
construction of g;(-, &) we have (see the proof of Theorem 8.2, Definition 8.2 and
Lemma 8.7)

rsz anl,
i '—< i(-, 0 < o = Ya(g).
e L
Also
lg( )l
Gol) = T—=ret = &1, L =ai1,ai],i=2,....n,
17l -t
and
18( )l
% Inl ¢:gl)I}’ll:an?b'
o) =@, 0 e = Lo
Now let G,,.1 := span {ﬁ,...,ﬁ+1}, where fi(-) := fi(-,&). Then
HT(zyilalf,) i 1
inf —q = [lg(-, @), = A"/
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It can be seen that the infimum is attained when Hoc,-f,-’ = HocjfjH . Then it
124 podj

follows that
lg(- a)ll, = e B(er) 7=/,

and the proof is complete. a

Theorem 8.5. Suppose that 0 < u € Lyy(I) and 0 <v € Ly(I). Then the Bernstein
numbers of the compact map T : L,(I) — Ly(I) (1 < p < g < o) satisfy

1/r
lim nb, = 61,1,0([0,1]) (/(uv)r) ,
n—oo I

where 1/r=1/q+1/p’.

Proof. From the combination of Lemmas 8.28 and 8.29 and the strict monotonicity
of B(€) given by Lemma 8.27 we have

lim e[B(e)]'/"1/7' = lim e[B(e)]"/771/?B(e) = lim bp(¢)B(€) = lim nb,.

£—0 £—0 £—0 n—oo

Together with Lemma 8.28 this completes the proof. a

Lemma 8.31. Let 1 < p < g < e and n > 1. Then b,(T) > A4, where A =
min(spa(p,q))-

Proof. We use the construction of Buslaev [21]. Take (g,f,i) from SP,(T,p,q)
and denote by a =xp < x1 < ... <X < ... <xp < X,+1 = b the zeros of g. Set I; =
(xio1,x) for 1 <i<n+1, fi(.) = f()xr(.) and gi(.) = §(.)xr.(.). Then T f; = gi(.)
for1 <i<n+1.

Define X,,41 = span{ fi,... fu+1}. Since the supports of { f;} and {g;} are disjoint,
then we have

1
b (T) > in HT(ZQ—I aifi) ”‘11 inf Hzl 1 azngql
n =
wcR\(0} | S oifillps eeRN(O} | S o4l

We shall study the extremal problem of finding
in | Z:l+1] O‘igi”ql
ae®\(0} || 525 0ifillps

It is obvious that the extremal problem has a solution. Denote that solution by & =
(04,00,...). Since p < g, a short computation shows us that &; # 0 for every i,
moreover we can suppose that the ¢; alternate in sign. Label

DY, digillq

Y= -
” 2n+11 o z|
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then the solution of the extremal problem is given by g = Z” | 0igi, f= 27 1 Oifi
where || f]|, = 1.
Let us take the vector 8 = (1,—1,...). Define the functions § = ¥/, B,g,,
>+ ! Bifi. Then

o Iz el
B () Yar ﬂzsz
It is obvious that ¥ < A,~!. Suppose that 7 < A1,

Since &; |=1and7< A" then 0 < &* := minj<;<,,1(B;/%) < 1. From
Lemma 8.2 follows

P(T(f) — T (f)) < P(T(f) — *P /@D g/ )1 /a0 (f)).

By repeated use of Lemma 8.2 with the help of (&*)(P~1/¢=1) < g* < 1 and
y/A~! < 1 we get

P(T(f)=&"T(f)) < P(T(f)) =n.

On the other hand we have from Lemma 8.1 and the definition of £* that

n+1 n+1
P(T(f)—&T(f)) <P(f—€"]) = (Zﬁ,ﬁ—e Z%ﬁ) n—1,

i=1
which contradicts ¥ < A1 O

Theorem 8.6. If 1 < p < g < oo then

1/r
tim 0=y [y

where r=1/p' +1/q, Ay = min(sp,(p,q)) and Cpg isasin (8.17).

Proof. From [47] we have

1/r
lim nb,(T) = cpq </|uv|rdt>
n—oo 1

and since b,(T) \, 0 then from Lemma 8.5 it follows that

1/r
Cpg (/I|uv|rdt) < lil?lignfn?h{]/q.
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Moreover, from Lemma 8.31 we have

1/r
limsupnl,fl/q <cpg (/|uv|rdt>
1

n—oo

which finishes the proof. a

8.4 The Casep =¢q
When p = ¢ the next Theorem follows from Theorems 8.4 to 8.6 (we can find this
result in a sharper form in [7]).

Theorem 8.7. If p = q then

1/r
lim nA, "9 = lim ns,(T) = Cpq (/uv’dt)
n—oo n—oo 1

where r = 1/p' 4+ 1/q, cpq is as in (8.17), A is the single point in sp,(p,q) and
sn(T) stands for an(T),dn(T) or b, (T).

Notes

Note 8.1. Compared with the case p = ¢ studied earlier, determination of the
s-numbers of the (weighted) Hardy operator T : L,(I) — Ly4(I) when p # ¢ is amuch
more complex task and requires fresh ideas in conjunction with the techniques used
in the simpler case. The results presented in this chapter are an amalgam of those
given in [48-50].



Chapter 9
Hardy Operators on Variable Exponent Spaces

In this final chapter we introduce the spaces L) with variable exponent p and
establish their basic properties. When [ is a bounded interval (a,b) in R the Hardy
operator T, : L,y (I) — Ly(I) given by

ww=[mw

is studied: the asymptotic behaviour of its approximation, Bernstein, Gelfand and
Kolmogorov numbers is determined. To conclude, a version of the p(-)-Laplacian is
presented and the existence established of a countable family of eigenfunctions and
eigenvalues of the corresponding Dirichlet problem.

9.1 Spaces with Variable Exponent

Let Q be a measurable subset of R” with positive Lebesgue n-measure |€2], let
A (£) be the family of all extended scalar-valued (real or complex) measurable
functions on Q and denote by &(€2) the subset of .#(£2) consisting of all those
functions p that map € into (1,0) and satisfy

p—:= essinf p(x) > 1, p; := ess sup p(x) < eo. 9.1)
xeQ xeQ

Forevery f € .#(Q2) and p € &(Q) define

P = [ )P ©2)

and

£ 1Ly (Q)|| =inf {2 >0:p,(f/A) <1}, (9.3)
with the convention that inf @ = . If no ambiguity is likely, we shall write ||-|[, or
||| ,.cp instead of |- 1 Ly (Q)]] -

J. Lang and D. Edmunds, Eigenvalues, Embeddings and Generalised Trigonometric 183
Functions, Lecture Notes in Mathematics 2016, DOI 10.1007/978-3-642-18429-1_9,
(© Springer-Verlag Berlin Heidelberg 2011
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Obviously p,(f) = pp(—f) > 0 for all f € #(L2); and p,(f) = 0 if and only
if f =0 a.e. Moreover, the function f —— p,(f) is convex: as this is less clear we
indicate the proof. Let f,g € .#(Q). We use the inequality, valid for all x € Q and
all A € (0,1),

A+1=2))Y <2+ -1 (0<r<1)
which follows from the observation that
h(t) = (A + (1= ))PW — 4 — (1= 2)P™

is such that (1) = 0 and 4'(¢) > 0. Thus at a point x such that f(x) # 0 and
lg(x)/f(x)| < 1,

A+(1—l)%
(x)

p(x)
g p(x)
< |f ()P (M(l "“’m )

= A1f@))PY 4 (1-2) [g(x) P

Af@)+ (1= 1)) P = [ £(x)|P

As we may limit ourselves to the consideration of such points x or corresponding
points with f and g interchanged, it follows that

Pp(Af+(1=2)g) < App(f)+(1=2)pp(s),

which establishes the convexity of p,. Hence p,, is a convex modular in the sense of
Musielak [99].

It is clear that p,(f) > pp(g) if | f(x)| > |g(x)| for a.e. x € ; and that the map
A — pp(f/A) is continuous and decreasing on [1,e0) if 0 < p,(f) < . Note that
if 0 < |[|f[|, <eo, then

oo (£/1£1,) = 1. ©4)

To prove this, first observe that if %, | || ]|, , then by Fatou’s lemma,
P (£/11£11,) < lim inf p, (/%) < 1.
Moreover, if 0 <A < |||, then

por/2) < (171,/2)" 2o (£/151,)

and so if pp(f/[|f1l,) < 1, there exists A € (0, ||f[|,,) such that p,(f/24) < 1, which
contradicts the definition of || f1] ,.
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Next, suppose that 0 < |||, < 1. Then since p, (f/ ||f|\p) = 1, the convexity
of p, shows that

ool) = pp (171, £711,) < 11,pp (£71051,) = UA0,- 95)
It follows that
pp(f) < lifand onlyif ||f]|, < 1. (9.6)
However, this can be improved as follows (see [62]).

Proposition 9.1. Let p € (Q). If | ||, < o, then

min {7127 11050 < ppl) <max {02 10155 ©)

In particular, if (fi) is a sequence in (L), then ||fi|, — 0 if and only if
pp(fi) — 0.
Proof. It |||, = 4 > 1, then by (9.4),

AP pp(f) < pp(f/A) =1 < AP pu(f),

and so || £ < pp(f) < [IfII57 I [|f]], < 1 the analysis is similar. O

Our object now is to show that on an appropriate subset of .Z (L), |||, is a

norm. First we claim that for all f1, > € #(Q), | fi + £2Il, < | £ill, + || 2], - If the
right-hand side is infinite there is nothing to prove; we therefore suppose that both
[ fill, and || 2], are finite, let A; > [|fi||, (i =1,2) and put A = 4; + A,. By the
convexity of p,,

FBY_ (B b

”"( py )_pp(zl PR /1)
)u] f] /’Lz f2 ll—&-lz_
<geo(i) i (2) <52

Hence || f1 + f2[|, < A1 + A2. Since the 4; may be chosen arbitrarily close to || fi|,
the result follows.

The claim that, for all # € R and all f such that ||f||p < oo, we have Htpr -
|| Hpr is obvious if 7 = 0. If  # 0, then

lef)l, = inf{A > 0: p,(tf/A) < 1} = tinf{)L/t >0:p, (ﬁ) < 1}
= |t|inf{B >0:p, (f/B) <1} =1tllIf],

and the assertion is proved. Finally we show that || f|| , = 0 if and only if f =0 a.e.
Suppose that || f]|, = 0 and that |f| > 0 on a set of positive measure. Then there
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exists & > O such that A := {x € Q : |f(x)| > 0} has positive measure. Hence given
any A € (0,6),

pols/2) = [ 1r/ardx= [I7@)/arWa= [ |5/aptds
2/|6/?L|”*dx:|5/l|”* Al > 1
A

for all sufficiently small positive 4, say A € (0,4). Thus [|f]|, > A > 0 and we
have a contradiction. That || f||, = 0 if f = 0 a.e. is obvious.
The properties of |-, that have been established make it clear that

Ly (Q):={f€#(Q):py(f/A) <o for some A >0} (9.8)

is a linear space and that |- , is a norm on it. We formalise this in the next definition.

Definition 9.1. Let p € &(Q). The space L,(.)(£2) defined by (9.8) and endowed
with the norm ||-|| , is called a generalised Lebesgue space, or a Lebesgue space with
variable exponent.

If p is a constant function, with p(x) = p for all x € Q, then L,.)(£2) coin-
cides with the classical Lebesgue space L,(£2) and the norms on these spaces are
equal. We remark that our restriction in the above definition to functions p that are
bounded away from 1 and o is made purely for ease of exposition, and refer to [81]
for details of the theory without this limitation. Note also that L, (£2) spaces occur
naturally in connection with various concrete questions, such as the study of vari-
ational problems with integrals having integrands satisfying non-standard growth
conditions (see, for example, [124, 125]) and in the modelling of electrorheological
fluids [112].

The spaces L. (£2) have various properties in common with their classical coun-
terparts: we give some of the most interesting ones next, beginning with an extension
of Holder’s inequality, for which we need the conjugate p’ of p € Z(Q). As might
be expected, this is defined by

p'(x)=px)/(p(x) - 1), x € Q.
It is clear that p’ € 22(Q).
Proposition 9.2. Let p € &(Q). Then for all f € L,.y(Q2) and all g € Ly (.)(£2),

/Q If(x)g)ldx < (1+1/p-—1/p)[Ifll, llgll, -

Proof. We assume that || f||,[|g]|,; # O, for otherwise the result is plain. Then for
ae. x €.Q,x € L, say, 1 < p(x) <eo, |f(x)] <eoand |g(x)| < ee. In the inequality

ab<al/q+b7/q (¢ =q/(g—1),
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take a = |f(x)| /|| f[l,, b= [g(x)|/llgll s » g = p(x) (x € £2), integrate over £ and
use (9.4):

[ LW <1 euplon (17101,

o IF1, Tlell,y
+1/7 | L) oy (2/ 131],)
<1/p-+1-1/p;.
The rest is clear. ad
The next result provides a norm on L,.)(£2) equivalent to that given in (9.3).

Proposition 9.3. For every f € .# () put
111, =0 [ reas: py (0 < 1},

Then Ly (2) = {f: 1A, < oo} and ||||, is @ norm on L,.(£2) equivalent to

(R

-l < M-l < (/p—+1=1/p) Il -

Proof. That |[fI|, < (1/p—+1—1/p)||f]l, if £ € L,,(€2) follows immediately
from Proposition 9.2. For the rest we refer to [81], Theorem 2.3. O

We now recall the definition of a Banach function space.

Definition 9.2. A linear space X C .# (£2) is called a Banach function space if there
is a functional ||-|| : # () — [0, o] with the properties of a norm (|| || = 0 if and
only if £ =0, £+ gll < Ifll+ lgll and |2.£] = |A]|[f] for all £,g & .4(€2) and
all scalars A) and such that:

(i) f € X if and only if || f]| < eo.
(i) [1£1] = 1] forall £ €./ (2),
(i) If0 < fi T f, then || fil| T || £1]-
(iv) If E C Q and |E| < oo, then || xg|| < .
(v) If E C Q and |E| < oo, then there is a constant ¢(E) such that for all f € X,

[1r@ldx< @)1l

The classical Lebesgue and Sobolev spaces are Banach function spaces: see [6]
and [42] for this and for other examples. In fact (see [53]), so are the spaces we have
been considering here.

Proposition 9.4. Let p € (). Then (Lp(.)(g)
space.

’H'Hp) is a Banach function
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Proof. We check that conditions (i)—(v) are satisfied. Plainly (i), (ii) and (iv) hold,
while (v) follows immediately from Hoélder’s inequality, Proposition 9.2. As for (iii),
let (fi) be a sequence in X with 0 < f; T f. By monotone convergence, p,(fi) T

pp(f) and (|| Sl p) is an increasing sequence bounded above by ||f{|,,. Suppose

that f € L,()(£2); then given € € (O, Hpr) , there exists N € N such that

po (e (If1,—€)) > itk = N.

Hence | fill, > [|fll, — € if k> N, and so |[fill, T [ fIl, as k T eo. On the other
hand, if || f||, = e, then given any k € N, p,, (f/k) > 1 and so there exists m(k) € N
with p, (fm(k) /k) > 1; thus Hfm(k) H > k. It follows that || fi[[,, T e and the proof is
complete. O

Since it is known that every Banach function space X is a Banach space when
endowed with the corresponding norm ||-|| (see, for example, [42], Theorem 3.1.3),
we have immediately

Corollary 9.1. Let p € P(Q). Then (Lp(,)(.Q)7 ||||p) is a Banach space.

From Proposition 9.3 and (9.6) we see thatif p € #(Q), g € L,y(.)(2) and G is
defined on L, (£2) by

G(f) = [ FWglx)dx. f €Ly () ©9)
then G is a continuous linear functional on L,.)(£2) with

lgllyy <G<(1+1/p——1/p+)liglly -
More can be established: in fact (see [81], Theorem 2.6)

Theorem 9.1. Let p € P(Q). Then every continuous linear functional G on
L,(.y(€2) can be represented in the form (9.9) with a unique g € Lyy(.)(£2).

As an obvious consequence of this it follows that if p € Z(Q), then the dual of
Ly (L) is (isometri.cally ison}orphic to) L,y (£2) and L, (£2) is reflexive; in fact
(see [62]), L, (£2) is even uniformly convex.

We also note that (see [81]) L,.)(£2) is separable, C(£2) NL,.(£2) is dense in
Ly (£2) and, if £ is open, C7 (£2) is dense in L,y (£2).

Now we turn to embeddings. When the underlying set 2 has finite measure |€2|,
it is well known that the classical Lebesgue spaces L, (£2) are ordered: if p < ¢, then
Ly(22) — L,(L2). As the following result (first proved in [81]) shows, the same is
true for spaces with variable exponent.
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Theorem 9.2. Suppose that 0 < |Q| < o and that p,q € 2(Q), with p(x) < g(x)
for a.e. x € Q. Then Lyy(Q) — L, (£2) and the corresponding embedding map
id satisfies

lid]] <1+ €.

Proof. Let f € Ly(.)(£2) be such that || f{| ;) < 1. Then by (9.6), p4(f) < 1. Hence

— p(x) p(x)
po(f) /U @ [

< [ @I arrjel < 1+1@).
Q
Since p,, is convex,

pp(f/(141Q0)) < (1+12]) " pp(f) < 1,
and so, by (9.6) again, || f[|, < 1+ |€2|. The result follows. O

The condition p(x) < g(x) for a.e. x €  imposed in this theorem is necessary
for the conclusion to be valid: see [81], Theorem 2.8. Note also that from Theorem
9.2 it can be shown (see [81]) that if (f) is a sequence in L,(£2) that converges to
a function f in L,(£2), then there is a subsequence of (f;) that converges pointwise
a.e.in Qto f.

Let p,qg € Z2(Q) be such that for some € € (0,1),

p(x) < g(x) < p(x)+eforallx € Q. (9.10)
Our object now is to obtain upper and lower bounds for the norm of the embedding

id of Ly(.)(£2) in L, (£2) that both approach 1 as € — 0. To this end we establish
various preparatory lemmas.

Lemma 9.1. Suppose that 0 < |Q| < oo, p and q satisfy (9.10) and that f € # (L)
is such that py(f) < 1. Then

po(f) <elQ|+e".
Proof. Set

Q={xeQ:|fx)]<e}, ={xeQ:e<|f(x)| <1},
Qy={xeQ:1<|f(x)]}.

Then X X
polf) =3, [ 1F)1" dx= 3 4 sa.
=179 j=1
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Plainly

A,g/ 8”<x)dx§/ edx < £|Q)|
Q JQ

and

As < / £ (0)]7®) dx.
[0
Moreover, on £2, we have

8 < e10=P) < | £(x) |9 <

f— )

so that
1< |f(x)|P(x)*‘I(x) < g &

It follows that
= [ @I P dr < e [ ) a
Q) Q2

Combination of these estimates gives
pol) <el@l+e7® [ 1@ dx+ [ 1) dx
& Js

<elfre ([ wiar [ oras)

gs|g|+s-€/ (09 dx < £ |Q| + €.
Q

Lemma 9.2. Suppose that 0 < |Q| < e and that p and q satisfy (9.10). Then
lid|| < e|Q|+e*.

Proof. Evidently K := €|Q|+¢& ¢ > 1. Let f be such that p,(f) < 1. Then by
Lemma 9.1,

Pp(f/K) <K 'py(f) < (e]Q]+€°) /K= 1.
The result follows. O

Turning to estimates from below, we have

Lemma 9.3. Suppose that p and q satisfy (9.10) and that 1 < |Q| < e. Then
lid|| > 1.

Proof. Define a function g by g(x) = |Q|"/4% (x € Q). Then py(g) = 1. Since
|Q[ 77049 > ||~ we have, for each A € (0,1),
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‘ —1

B ‘Q‘*P(x)/‘I(x) Q™! 0 L

Thus ||id|| > A foreach A € (0,1), and so ||id|| > 1. O

Lemma 9.4. Suppose that p and q satisfy (9.10) and that 0 < |Q| < 1. Then
lid| > |2]°.

Proof. Again we consider the function g given by g(x) = |Q|7]/q(x) (x € Q);
pq(g) = 1. Since

P) 4x)=p(x)

Q"W = 1@ > 1 > |,
it follows that

pole) = [ 1017 Wax= ot [ |a 0 g P,
Q Q
Hence, for each positive 1 < |Q|°,

g(x)
Q |€/P(X)

p(x)
dx = /
Q

=127 [ Il dr> |2 | = 1.

pole/)> [ 52

Thus ||id|| > A for each positive A < ||, which gives the result. O

The combination of these results leads immediately to the following theorem and
corollary.

Theorem 9.3. Suppose that 0 < |Q| < e and that p and q satisfy (9.10). Then the
norm of the embedding id of L,(.)(£2) in L,,(.y(£2) satisfies

min (1,|Q[°) < [lid|| < e|Q| +&*.

Corollary 9.2. Let 0 < |Q| < oo, let p € P(Q) and suppose that for eachn € N,
qn € P(Q) and &, > 0, where lim,,_,.. €, = 0, and for alln € N and all x € Q,

p(x) < gn(x) < p(x) + &
Denote by id, the natural embedding of Ly, (.(£2) in L. (£2). Then
lim [|id,|| = 1.

Although the spaces with variable exponent have many properties in common
with the classical Lebesgue spaces, important differences remain: for example, in
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general, elements of L, () do not posses the property that is the natural analogue
of p-mean continuity; Young’s inequality for convolutions is false; and the Hardy—
Littlewood maximal operator does not act boundedly from L,.)(£2) to itself. The
imposition of conditions on p helps in this regard, the most common such condition
being, when £2 is open and bounded, the following: there is a constant C > 0 such
that

|p(x) — p(y)| < —C/log|x—y| forallx,y € Q, 0 < |x—y| < 1/2. (9.11)

If p satisfies this condition it is said to be log-Holder continuous. By way of
illustration of what can be acheived by this means we cite the result of Dien-
ing [35] concerning the Hardy-Littlewood maximal operator M, defined for each

f € Ll,[()c(Q)a by

(Mp)) =supl8l [ |f)ldy xe .
Bax BNQ

where the supremum is taken over all balls B that contain x and for which
|[BN Q| > 0. This states that if €2 is open and bounded, and p satisfies (9.11), then
there is a constant C(£2, p) such that for all f € L, (L),

IMfl, <C(2p) 11,

9.2 Hardy Operators

As before, let I = [a,b] be a compact interval in the real line. Here we consider the
Hardy operator T,

TH(x) = /:f(t)dt, (xel),

and study its behaviour as a map between spaces with variable exponent. First we
need to have conditions under which 7' is compact.

Lemma 9.5. Let 1 < ¢ < d < o and suppose that p,q € P(I) are such that
p(x),q(x) € (¢,d) for all x € I. Then T maps Ly.,(I) compactly into Ly.\(I).

Proof. By Theorem 9.2, L, (I) and Ly(1) are continuously embedded in L (/) and
L,(y(I), respectively. By Theorem 4.4, T maps L.(I) compactly into Ly(I). The
result now follows by composition of these maps. O

From now on, our concern is to determins the asymptotic behaviour of vari-
ous s-numbers of 7', and to do this we introduce functions of the kind used in the
corresponding analysis for classical Lebesgue spaces.
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Definition 9.3. Let p,q € Z(I), suppose that J = (¢,d) C I and let € > 0; set

p; =inf{p(x) :x€J}, pj =sup{p(x):xeJ}.

Then
Ayt = infsup { 1[4, v < 1},
By V) ;,gsup{H 1% :|f||p,,,s1},
G0 =sup {171l ||f||,,,_ (1)) = (T1)(d) =0}
and

Dy ) i= 50 {ITfll 1l < 1, (TF)() = (T)(d) =0}

These quantities will sometimes be denoted by A (), ql- )(c d), etc. Correspond-
ing to these functions we define NAp Yt )( ) to be the minimum of all those n € N
such that I can be written as ] = U7:1 I;, where each I; is a closed sub-interval of I,
]l Nni; ‘ =0(i#j)and A, 4 (Ij) < € forevery j. Quantities Nz, (€),Nc, ., , (€)
and NDp<»>( €) are defined in an exactly similar way. For brevity we shall write
Ay () = ApypyJ) and Cp(J) = Cpy p(y(J), denoting these quantities by
A,(J),Cp(J) respectively when p is a constant function. When p and g are constant
functions we also write A, ;(J) = Ay 41 (J) and Cp 4(J) = Cp() () (J)-

The techniques of Chap.5 give the following result for the case of constant
p and g.

Lemma 9.6. Let J = (¢,d) CIand p,q € (1,). Then

(P +q) /P Vap) Vag! v
Apo(J)=Cpq(J J
P~,q( ) Pq( ) 23(1/[7/,1/(,]) | |

= B(p,q) |17+, 9.12)

We now set about the task of establishing properties of the quantities introduced
in Definition 9.3 similar to those known to hold when p and g are constant.

Lemma 9.7. Let p,q € () and suppose that (c,d) C I. Then the functions
Apygy(est), Bpy(et), Cppygry(est) and Dyy(c,t) of the variable t are non-
decreasing and  continuous; A, 4)(t,d), Bp)(t,d), Cpq()(t,d) and
D, (t,d) are non-increasing and continuous.

Proof. We start with A := A,y 4 and first prove that A(c,d) < A(c,d + h) when
h > 0. Clearly
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Ale,d+h)= inf sup /'fzdt g <1
( ) ye(c.d+h) { y © q,(c.d+h i ”p( A
=min{X,Y},
where
— inf p{\ R I s 1}
ye(ed) q,(c.d+h)
and
Y = f t)dt <1
it sup { [roa] sl e < }
Now
X > inf sup / = A(c,d)
y€E(e,d) y q.(c.d)
and
Y> inf s ()t <1
> inf up{ LT }
>sup{H [rwal il <1}
d a,(c.d)
> inf sup{ f t)dt :||f||p,(cjd)<l}:A(c,d),
ye(e,d q,(c.d)

which gives A(c,d +h) > A(c,d). Next, we prove the continuity of A. By Holder’s
inequality (Proposition 9.2) we have, for some o0 > 1 (independent of f,x and y),

/yxf(t)dt

and considering [|1|[ (., (., @s a function of x we obtain

<a ||1||p’,(y,x) ”f”p,(y,x)?

[0,

() < WUl ey 1l () o

which gives

Alc,d) <A(c,d+h)

= inf su
v€(c,d+h) p{

/.f(t)dt

sy

Nl e.asny 1}-

q,(c,d+h)
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With the understanding that, unless otherwise specified, the suprema are taken over

all f with |||, .an) < 1, we have
+ / Fl)dr
y q,(d,d+h)

< inf / t)dt +of|]|1
_W&Mﬁm{yfm . RNy 5 e

< inf . t)dt 1,
—yeé%h)wp{ lf() ax(ed) +a”” Iy q,<d,d+h)}

Jroal el e W

Alc,d+h) < inf sup{ /'f(t)dt
y

ye(c,d+h)

q.(c.d)

g,(d.d+h) }

< inf sup

€(c,d+h) g,(cd)
éggwp/f | el casn Dlagaan

< inf sup{H/f t)dt
y€(e,d)

+ o[ casn Mg aan)
=Ale,d)+ ||y cazm 1Mlg aasn.

. e.a) <1}

g,(cd)

Since g € Z(I) we know that [[1]|, (dd+h) 0 as h — 0, and so A(c,-) is right-
continuous. Left-continuity is proved in a corresponding manner and the continuity
of A(c,-) follows. The arguments for B,C and D are similar. O

As an immediate consequence of this and Lemma 9.5 we have

Lemma 9.8. Let p € P(I). Then T : L,.\(I) — Ly (I) is compact and for all € > 0
the quantities Na,, (€), N, (€),Nc,, ., (€) and Np,, | (€) are finite.

We also have

Lemma 9.9. Let p € #(I) and write A=A ,,y. Then given any N € N, there exists
a unique € > 0 such that Ny(€) = N, and there is a covering of I by non-overlapping
intervals I, (i=1,...,N) such that A(I}) = € for i = 1,...,N. The same holds when
A is replaced by B,C,D.

Proof. Existence follows from the continuity properties established in Lemma 9.7.
For uniqueness, observe that given two such coverings of 7, {l{}¥ and {Ji}¥
there are m, j,k,I such that I) C JZ‘ and Jﬁ C Ilf‘. Assuming that A(IA) = g and
A(J}) = &, we obtain &; < & < g by the monotonicity of A. O
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9.2.1 The Case when p is a Step-Function

Let {J;}!", be a covering of I by non-overlapping intervals and let p be the step-
function defined by

> 1 (0)pi, (9.13)

i=1

p(x) =
where p; € (1,e0) for each i. Again we shall write A = Ap(.) for brevity; B,C, D will
have the analogous meaning.

Lemma 9.10. Let p be the step-function given by (9.13). Then T : Ly, (I —
Ly (I) is compact and for small enough € > 0,

(i) bye(e)-m(T) > &
(ii) an,(eyram—1(T) <&

Proof. Let € > 0. The compactness of T follows from Lemma 9.8, as does the
finiteness of Ny (€) and N¢(¢).

(i) By the continuity of C(c,-), there is a set {[; : i = 1,...,N¢c(€)} of non-
overlapping intervals covering / and such that C(I;) = € whenever 1 <i < N¢(¢)
and C (Iy.(¢)) < €. Letn € (0, ). Then corresponding to each i with 1 <i < Nc(e),
there is a function f; such that supp f; C I;:= (ai,a;+1), | fil , = L, e—n <||Tfil|, <
e and (Tf)(a;) = (Tf)(air1) = 0. By {I,-k}kle we denote the set of those intervals
I;, 1 <i < N¢(€), each of which is contained in one of the intervals J; from the
definition (9.13) of p. Then

Nc(S) —m<M< Nc(&‘).

Put
M
XMZ{fZ Za,-,fir:ai,eR};
r=1

this is an M-dimensional subspace of L,.)(). Note that since p is constant on [;,,
p(x) = pi, onI;,. Choose f € Xy \{0}. With Ag := [|Tf||,(., we have

p(x) M
12/ MEZ/
I I;

r=1v1%4

M 1 Pir ‘ M _ Piy ‘
:r:1 (z) /1,', |Tf(x)|plrdx2 z <£Mn> Ar |f(x)\p”dx

B M f(x) p(x) f(x) p(x)
B 21 ‘/Iir dx ‘/Uzrwllir

2 Tojle=m) oje—m| “
p(x)

p(x)

/() "

Tf(x)
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Hence
I llps <WTAN, 1/ (€=),
and $0 by, (¢)-m(T) > bu(T) > € —n.
(ii) This follows a pattern similar to that of (i). This time we let {/; } ¢) be a set
of non-overlapping intervals covering I for which A(I;) = e wheni=1,...,Na(¢) — 1
and A (INA(£>) <eé&. By {Il+ }?il we denote the family of all non-empty 1ntervals for

which there exist j and k such that ;" = I;N ;. Clearly Ny (€) <M < Nj(€)+2(m—
1). Let 7 > 0. Then given any i € {1,..., M}, there exists y; € ;" such that

wfl

el = 1} <etn.
Pl

0= 5[ )

Plainly P is a linear map from L,(.y(I) to L, (/) with rank M. Let p; be the constant
value of p on I;*. Then for any Ag € (0,%0) and f € L,(I),

Define

x p|P() )
(T —Ps)f(x) p(x) B M M p B M . x |Pi
/1—/10 dx_,zl/fi % dx—l;ko m yif dx
M p(x)
—pi . - fx)
<D A" pi Pidy= [ |s—7——| dx.
<327 eeny [ s [t
Now choose 29 = (1 =) [[(T — Pe)fl| ,(.); - Then
(T —Po)f(x) [ f) Y
R s IR A B
from which we see that
£, > (L=m) (T —Pe)fl,, /(e +M),
so that
E+M ||(T*P£)f||p,1
>
1-n /1,1
Now let n — 0. O

Lemma 9.11. Let p be the step-function given by (9.13). Then

timen(e) = 5 [ (p@pw) " sin(r/p(a) dx
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where N stands for Ny,Np,Nc or Np.

Proof. Use the fact that p is a step function together with Lemmas 9.6 and 9.9. O
Finally, we have the main result when p is a step-function.

Theorem 9.4. Let p be the step-function given by (9.13). Then for the compact map

T : Lyy(I) = Ly (I) we have

1

limns, (T) = o

J (7t s

where s,(T) denotes the nth approximation, Gelfand, Kolmogorov or Bernstein
number of T.

Proof. From Lemma 9.10 together with Theorems 5.4 and 5.5 it follows that

eNA(€) > an, (¢)+2m—1(T)Na(€) = by, () +2m—1(T)Na(€)
and
eNc(€) < bye(e)-m(T)Nc(€).

Use of Lemma 9.11 now gives the result for the approximation and Bernstein
numbers. The rest follows from the inequalities of Theorems 5.4 and 5.5. a

9.2.2 The Case when p is Strongly Log-Holder-Continuous

To obtain a result in this case similar to that of Theorem 9.4 the idea is to approxi-
mate p by step-functions. Corollary 9.2 enables estimates to be made of the changes
in various norms occurring when p is replaced by an approximating function. First
we give some technical lemmas.

Lemma 9.12. Let 6 > 0, let J C I be an interval and suppose that p,q € P (J) are
such that
p(x) <g(x) <p(x)+ 0 forallxeJ.

Then
5\ 2 5\2
(811467°) " Apyaspn) < Agy () < (811+87%) Ap( pr2(0).
Proof. Set

By={f:|fl,<1},Ba={f:Ifll, <87 +5°},

where the norms are with respect to the interval J. By Theorem 9.3, ||f]|, <
(8171487°)|1f1l,, which gives B; C B, and
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/yf q:|f|qs1}—;g;sup{ /yf q:fezal}

Aq(y(J) = infsup {

< infsup (5|J|+575) H/f cfEB
yeJ y P+
-5\%. - f f
=6J+55) inf su ‘/— H— <1
( | | ye] p y6|J|+575 p+5 5|J|+675 P
5\? '
= (8171+87) infsup /g gll, <1
yeJ y P+
o\ 2
= (811+87%) " Ap() p()+6)-
The proof of the remaining part of the claimed inequality is similar. a

Lemma 9.13. Let J C I be an interval with |J| < 1 and suppose that p € (1,0).
Then there is a bounded positive function 1 defined on (0,1), with n(8) — 0 as
0 — 0, such that if p,q € P(J) with

pP<px)<p+d,p<qx)<p+dinl,

then

(1@ < 2200

Ay)

Proof. We prove only the right-hand inequality as the rest follows in a similar
fashion. By Lemma 9.6 and (9.12) we have

<(1+n(8) 7.

Ay 5 p.p 55
PO (ol 50 O] (51714 570) 2L D) aaprea)

Ag)) A s5() B(p+6,p)

5\ B(P,p+90), 25

< (6|J]+ 0o 8 4~— J .
G148 ) S5 V!

Since BG.54+5)

li -6 p’—p+:1

5156(5““6 ) B(p+06,p)
the choice B 51 8)

_ D+

establishes the lemma. O

Lemma 9.14. Letpe P(I),6 >0,a; <by <ay<byandJ;=(a;,b;) CI(i=1,2);
let f1, f> be functions on I such that supp f; C J; (i=1,2) and T fi|, ;, > 8. Then

1T (fi = f2)ll s > 0.
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Proof. Since [|T(f1/68),,, > 1 we have

Ul rE £ (0) p(x)
/al /al T dx>1.
Thus
/,, T(fi —f)(x) [PV /,, / AW = f@) "
_— dx = — =t dx
a 6 a a 6
UL rx f(8) = falt) p(x)
= / [T
:/hl /Xﬁ—(t)dtp(X)dx>1
ai a 6 ’
andso [|T(fi — f2)ll,, > 6. O

In what follows we shall need a restriction on the function p € (1) that is a
little stronger than the log-Holder condition (9.11). We remind the reader that [a, D
is a compact interval.

Definition 9.4. A function p € (1) is said to be strongly log-Holder continuous
(written p € .25 (1)) if there is an increasing continuous function y defined on
[0,]1]] such that lim,_o; y(f) =0 and

= p(x) = p(y)[log|x —y| < y(]x —y[) forallx,y € I with 0 < |x—y[ <1/2.
(9.14)

It is easy to see that Lipschitz or Holder functions belong to .7 Z 5 (I).

Proposition 9.5. Let p € . L5 (I). Then

timeN(e) = 5 [ (p@p@r o) sin () p(a)

£—0 o ﬁ
where N stands for NAp(~) or NCP(,) .

Proof. We prove only the case N = NAp(-)’ the other case following in a similar
manner. Let N € N. By Lemma 9.9, there are a constant &y > 0 and a set of non-

overlapping intervals {7V }iv: , covering I such that A\ (I)Y) = ey for every i. Let
gn be the step-function defined by

N
av () = X pjy ()
i=1 !
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and set
oni= P,+gv —Pp-
Then
p(x) <gn(x) < px)+dn;fori=1,.. N
Claim1 gy — 0as N — oo,
To prove this, note that clearly &y is non- increasing Suppose that there exists

8 > O such that gy > 6 for all N. Fix N and setI =1;=(a;,ai+1). Since A P > 5
foreachi € {1,...,N} there is a function f;, with supp fi C I;, such that ||f, 1

=|Tfill,; > 6. By Lemma 9.14,

|7 (fi _fj)Hle_ > 6 fori < j,
and so there are N functions f7, ..., fy in the unit ball of Lpoya such that
|7 (= £l > 8 fori # j.

Since N can be arbitrarily large, this contradicts the compactness of 7" and estab-
lishes the claim.
Claim 2 limy_..max {|IV| :i=1,2,...N} =0.

If this were false, there would be sequences {N,ix},_;, ix € {1,2,...,Ng}, and
an interval J such that J C If:" for each k, so that

e =Ap() (’fk]k) = Ap) (1) >0,

contradicting the fact that gy — 0.
Claim 3 There is a sequence { By}, with By | 1, such that for alli € {1,...,N},

e 1Y < gy (1) < B 1|7

To establish this, note that since p~ < gn(x), p(x) < p~ + 8y, on I we have, by
Lemma 9.13,

ALY ‘
(1*”(5NJ))’1?/|26N'<L) < (L4 (8w || 2.

Agy(y (IF)
Using ey = Ay (IV) this gives

EN

26N i En
WVN M ANO ) < s

and the claim follows.
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Claim 4 For all N and all i € {1,2,...,N},
1| < v (),

Fix IV. The function p is continuous on I since it belongs to .. £ (). As

p1+_N —Py = Sy i, there are points x,y € IV with |p(x) — p(y)| = 8y,;. Using (9.14)

we obtain s N
V|7 < |y y| P00 < i) < (),

Claim 5 There is a constant C > 0 such that for all N and all i € {1,2,....N},
Cley <|IV| < Cey.

Since gy = p;!" + Oy, := r,; is a constant function on IlN , by Lemma 9.6 we have
1

Age() (V) =B (rv i) 1] -

It is easy to see that there exists @ > 0 such that a—! < B (rvi,rn,i) < aforall N
andalli € {1,2,...,N}. Using Claim 4 we see that

‘[erZSNJ < eZy/(‘I,-ND < v .— K,
and by Claim 3,
K 'Bylen < B (rviorwi) [IY] < KBuen.

Hence
ailKilﬁIQ]SN < ’]lN| < aKﬁNSN.

Since By — 1 as N — oo, the claim follows.
Having justified these various claims we can now proceed to finish the proof of
the proposition. Since by Claim 1, &y — 0 we know, by Claim 5, that
max{|IlN| = 1,...,N} —0

as N — oo; and by Claim 4,

Put ooy = ByYw : then oy — 1 and, by Claim 2,

0616181\/ < AqN(.) (IZN) < oyNeEN. (9.15)
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Moreover, by Claim 5 we have
N N
ev=CY Clex<Cy |V =C|I],
i=1 i=1
which gives, by (9.15),
N

(o 'ev —v) < X Agy() () — New
i=1

Ney (oy'ey —1) =

M=

IN
M=

(OCN£N —SN) = Ney (OCN — 1).

Il
R

Thus
N

D Agy) (1) —New

i=1

— 0as N — oo.

On the other hand we have, by Theorem 5.8 (recall again that gy is constant on IfV ),

( ()*l)l/qN(-) sin (7w/gn (") ’IN|

1 N
=5 ;
ZL/ *l)l/p(X)sin(rc/p(x))dx,

and so | Up(s)
i —— [(y -1} g
Alilm Ney 2n/l<p (x)p(x) ) sin(z/p(x))dx

—00

Since &y depends monotonely on N it is not difficult to see that limy_... Ney =
lim,_,0 €N (€), and consequently

1 . o)1\ /20
lim eN(e) = 5 / (P )p (=) sin(/ p())dx
The proof is complete. ad

Given p € &£ (I), we construct step-functions that are approximations to p.
Let N € N and use Lemma 9.9, applied to the function D := D, : there exists

€ > 0 such that Np (&) = Nand there are non-overlapping intervals I” (i = 1,...,N)
that cover  and are such that D(I”) = ¢ fori = 1,...,N. Define

PDN ZP,DXID x), Ppy () ZP,DX]D x);
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step-functions ng y and pg , are defined in an exactly similar way, with the function

B in place of D and with intervals /7 arising from the use of that part of Lemma 9.9
related to B.

Lemma 9.15. Let p € &(I) and N € N. Let € > 0 correspond to N in the sense of
Lemma 9.9, applied to B, so that Ng(€) = N, and write

P~ (%) = ppy(x), pT(x) = pgy(x),
where pE v and pyg \ are defined as indicated above. Then
an+1 (T :Lpf(.)(l) — Lp+(.)(1)) <e.

Proof. In the notation of Lemma 9.9, there are intervals 75 such that B(1?) = ¢ for
i=1,...,N. For each i there exists y; € I such that

B(I,-B>sup{ [ 1}.
yio lptp? !
Define
N
Py f(x) 2 y)dy- %13( );

i=1
plainly Py has rank N. Let f € L, (.)(/) and set

Jo=€lfll, /- ©.16)

P (%) N )P (%)
dx = /
=2

B /, Ao/€

Recall that on IB the functions p~ and p™ have constant values p;, pi*, say,
respectively, Wlth D; +/ p; > 1.Thus

- i /pi T /p
1>2< L dx)p - S esaart ([, o ax)""

Use of the fact that

€ =Su
fp </IB

Then
f(x)
Ao / £

f)
Ao/€

/y ixf(y)dy

i\ o\
dx) /(o a)
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now gives
N p y, dy Pl
:E (1/2)Pi /f dy d _,21/13 dx
_ [T PN)(f)( )7
_[ _— d.x,

from which it follows that [[(7 — Py) | ,+ ; < Ao. Using the definition (9.16) of A
we see that

(T =Pn)fll e g < €llfllp- i
and so ay+1 (T : L, (I) = L+ (I)) < €, as claimed. O
We next obtain a lower estimate for the Bernstein numbers.

Lemma 9.16. Let p € &(I) and N € N. Let € > 0 correspond to N in the sense of
Lemma 9.9, applied to D, so that Np(€) = N, and write

p(x)= pBJv(x)a pr(x)= PD,N(X)v
where pEN and Ppy are defined as indicated above. Then
by (T : L+ (I) = Ly-(y(I)) > &.

Proof. In the notation of Lemma 9.9, there are intervals I” such that D(I”) = ¢ for
i=1,...,N. Since T is compact, for each i there exists f; € Lp+<,)(IiD), with supp
fi CIP, such that

1Tl o/ 1l o =, 9.17)

and Tfi(c;) = Tfi(cir1) = 0, where ¢; and ¢;; 1 are the endpoints of I°. On each I
the functions p~ and p™ are constant; denote these constant values by p; and pf,
respectively and note that p;” / pi+ < 1. Set

i=1

N
XNZ{fZZOt,'f,'ZOC,‘ER}.

Thus dimXy = N. Choose any non-zero f € Xy and put 4 = €||f{| ,+ ;. Then

d _Z/D Ao/s

pi(x) v lvi
dx)

fx)

i(
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p; /Py
(e/20 ([, Lreopas)

Pi /17,‘
(/%) (/ o fi ()P dx) .

Use of (9.17) now shows that

I Mz [ Mz

2

<31/ /wmﬁ>Wm

pi
Jol 73| =]
/1P 1

i

Tf(x) P (x) e

Ao

Tf(x)
Ao

[\”42 X

from which it follows that
€ <by (T :Lyr(y(I) = L, (D)),
and the proof is complete. g

Theorem 9.5. Let p € Z(I) be continuous on I. For all N € N denote by ey num-
bers satisfying N = Ng(ey). Then there are sequences Ky,Ly, with Ky — 1 and
Ly — 1 as N — oo, such that:

(i) an+1(T : L,,(.)(I) — Lp(,)(l)) < Knyéen
(ii) by(T :Lp<.)(1) — Ll,(.)(l)) > Lyen

Proof. Because of the multiplicative property (S3) of the approximation numbers,
an+1(T : Ly (I) = Ly (1)) is majorised by

Hid,; tLyy(I) — LI’E‘N(')(I)H

< anan(T Ly, () =Ly (D) % [id 2Ly (1) = Ly (D)

)

where idy, and id;; are the obvious embedding maps, while pz;_ ~»Ppy are the same
as in Lemma 9.15, as is I, to be used next. Since |7®| — 0 when N — oo, and p is
continuous, it is clear that

lp=ri., =0 o =riial, =0

Thus by Corollary 9.2,

Hid,; Ly (D) = Ly (D) H — land Hid; Ly (D) = Ly (I)H =1
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as N — oo. Part (i) now follows from Lemma 9.15. The proof of (ii) is similar, with
the aid this time of Lemma 9.16. O
Theorem 9.6. Let p € .7 L 7 (I). Then

tim (T Ly, (1) = Ly (1) = 5= [ {7 Op@? '} "™ sin/pt0)

n—oo

where s, denotes the nth approximation, Gelfand, Kolmogorov or Bernstein number
of T.

Proof. Use Theorem 9.5, Proposition 9.5 and the inequalities of Theorems 5.4
and 5.5. a

The proofs of Theorems 9.4 and 9.6 may be combined to give the following
theorem, which contains both these results.

Theorem 9.7. Let I be representable as the finite union of non-overlapping inter-
vals J; (i = 1,...,m) and suppose that p € L (I;) for each i € {1,2,...,m}.
Then

. 1
r}gI}QnSn(T . Lp(,)(]) e LP(')(I)) = E

J{p@paro 1 sin oty a,

where s, denotes the nth approximation, Gelfand, Kolmogorov or Bernstein number
of T.

9.3 A Version of the p-Laplacian

Throughout this section we shall suppose that €2 is a bounded open subset of R”
(n > 2) with smooth (that is, C*°) boundary and that p € &?(Q). The first-order
Sobolev space modelled on L,(.)(£2) is defined to be

W;(')(Q) = {u € L,,(.)(Q) 1|Vu| € L,,(,)(Q)} <|Vu|2 = zn‘i Diu|2> ,

endowed with the norm
(el | := [[ull 0 + IVull, o - (9.18)

0
The closure of i (€2) in Wp1 Q) is denoted by W;)(.)(Q). If p € C(Q2), then by

(o

0
the Poincaré inequality the norm given in (9.18) is equivalent on W})H (Q) to

ully p.o = IVull, 0. (9.19)
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(see [81]) and we shall henceforth suppose that V([)/[l,(_)(!)) is endowed with this
equivalent norm.

In [37] it is shown that whenever p € 97(£2), the space L. (£2) is smooth (see
Remark 1.2) and the gradient of its norm at any point u # 0 is given by

S p@) @) ul) [, 5" x)dx

h,grad [jul| (9.20)
< ”’Q>Lp<-><9> S O ) PO ] 559 dix

for all & € Ly.)(€2). This is a key step in the proof, again given in [37], of the
following theorem.

— 0
Theorem 9.8. Let p € C(Q) and write X := W;(-) (). Then:

(i) X is smooth and the gradient of its norm at any point u # 0 is given by

S () [Va ()P fu]| 2 V() - Vi(x)dx
S PO [Vae() P ][ 26 dx

<h,gmd |\u|\17p,g>x - 9.21)

forallh e X. o
(ii) If p(x) > 2 forall x € Q , then X is uniformly convex.

0
From these results a formula for duality maps on W},(_)(Q) is obtained in [37].
More precisely, the following is established.

Theorem 9.9. Let p € C(2) be such that p(x) > 2 for all x € Q and let Jy be a

0
duality map on X := WL(')(Q) with gauge function @. Then for all u,h € X with
u#0,

0 (s 2 ) S PCE) VUG a2 Vi) - Vi)

<h,J¢u> = (0 —
X Jo p@) [Vu (@)D (lu] 26" dx

Following [37] we now give a version of the classical p-Laplacian appropriate,
from the standpoint of duality maps, for the case of variable p. Namely, when p €

C(Q) and J, is a duality map on X := V?/},(,) (Q) with gauge function ¢, the (¢, p(+))-
Laplacian is defined to be the map Ay ,()) : X — X* given by Ay p(.)) = —Jp- Use
of Proposition 1.23 now shows that there exists u; € X, with ||u;||y =1, and p; >0,
such that

1 ()72 1y (x)v ()

it 1255

/Q[’(X)|Vu1(x)|17(x)*2vm(x),Vv(x)dxzul/gp(x)
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for all v € X. This means that u; is a weak solution of the Dirichlet problem

> D1 () [Vu) "2 Dia(x) ) = =1 p () (@) () ], 5 im 2,
i=1
u=0ondQ.

The existence of a sequence of k-weak solutions of this problem follows just as in
the discussion of the classical p-Laplacian given in Chap. 3.

Notes

Note 9.1. The standard reference for the basic properties of variable exponent
spaces is the 1991 paper by Kovacik and Rakosnik [81]. For a fairly comprehensive
account of the current picture, see [36].

Note 9.2. The material in this section is based on the paper [54]. No other material
on the s-numbers of Hardy operators acting on variable exponent spaces seems to
be available at this time.

Note 9.3. The literature on various forms of the p(x)-Laplacian is quite large. The
work of [37] which plays a crucial r6le in this section has the advantage that the
necessary duality map can be calculated: it is the need for this that determines
the particular form of the p(x)-Laplacian that we study.
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